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33: Representations of the Lorentz Group 
Prerequisite: 2 



In section 2, we saw that we could define a unitary operator U(A) that 
implemented a Lorentz transformation on a scalar field <p(x) via 

l/(A)-V(:r)tf(A) = ^(A^x) . (1) 

As shown in section 2, this implies that the derivative of the field transforms 

as 

^(AnVv^MA) = ^%^ p v {^- 1 x) , (2) 

where the bar on he derivative means that it is with respect to the argument 
x = A~ l x. 

Eq. (J2J) suggests that we could define a vector field A^(x) which would 
transform as 

U(A)- 1 A p (x)U(A) = A tJ, p A p (A~ 1 x) , (3) 
or a tensor field B pu (x) which would transform as 

U(A)- 1 B^ v (x)U(A) = A p p A v a B prj (A- l x) . (4) 

Note that if B^ v is either symmetric, B^ v {x) = B Ufl (x), or antisymmetric, 
B^ u (x) = —B Ufl (x), then this symmetry property is preserved by the Lorentz 
transformation. Also, if we take the trace to get T{x) = g pv B^ u (x), then, 
using g^A^ p A v ' a = g pa , we find that T(x) transforms like a scalar field, 

f/(A)^ 1 T(a;)?7(A) = T(A^ 1 x) . (5) 

Thus, given a tensor field B^ v (x) with no particular symmetry, we can write 

B^{x) = A^{x) + S pu {x) + \g» u T(x) , (6) 
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where A pv is antisymmetric (A^ = —A V(i ) and S^ u is symmetric (S 7 ^ = S u>1 ) 
and traceless {g^S^ = 0). The key point is that the fields A^, S^ v , and T 
do not mix with each other under Lorentz transformations. 

Is it possible to further break apart these fields into still smaller sets that 
do not mix under Lorentz transformations? How do we make this decomposi- 
tion into irreducible representations of the Lorentz group for a field carrying 
n vector indices? Are there any other kinds of indices we could consistently 
assign to a field? If so, how do these behave under a Lorentz transformation? 

The answers to these questions are to be found in the theory of group 
representations. Let us see how this works for the Lorentz group in four 
spacetime dimensions. 

For an infinitesimal transformation = + Su^^, we can write 

U(l+6u) =1 + Ibu^M^ , (7) 

where M^ u = —M Ufl is a set of hermitian operators, the generators of the 
Lorentz group. As shown in section 2, these obey the commutation relations 

[M^, M pa ] = i(d»W - (ji++u)\ - (p<-><r) . (8) 

We can identify the components of the angular momentum operator J as 
Jj = -EijkM^ and the components of the boost operator K as Ki = M t0 . 
We then find from eq. (jHJ) that 

[i/j, Jj\ ~\~i^ijkJk i (9) 

[Ji,Kj] = +ie ijk K k , (10) 
[Ki,Kj] = -ie ijk J k . (11) 

We would now like to find all the representations of eqs. (IH HTTJ) . A repre- 
sentation is a set of finite-dimensional matrices with the same commutation 
relations. For example, if we restrict our attention to eq. (JOJ) alone, we know 
(from standard results in the quantum mechanics of angular momentum) 
that we can find three (2j+l) x (2j+l) hermitian matrices J7i, J72, and J^, 
that obey eq. ©, and that the eigenvalues of (say) Jj, are — j, — . . . , +j, 
where j has the possible values 0, |, 1, We further know that these ma- 
trices constitute all of the inequivalent, irreducible representations of SO(3), 
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the rotation group in three dimensions. (Inequivalent means not related by 
a unitary transformation; irreducible means cannot be made block- diagonal 
by a unitary transformation.) We would like to extend these conclusions to 
encompass the full set of eqs. (JU HTTj) . 

In order to do so, it is helpful to define some nonhermitian operators 
whose physical significance is obscure, but which simplify the commutation 
relations. These are 



In terms of N and Nj, eqs. 



N} = i(Ji + iKi) . 

flHHTTl) become 

[N u Nj] = ie ijk N k , 
[N} , N}} = ie ijk Nl , 
[N l ,N}} = 0. 



(12) 
(13) 



(14) 
(15) 
(16) 



We recognize these as the commutation relations of two independent SO (3) 
groups [or, equivalently, SU(2); see section 32]. Thus the Lorentz group in 
four dimensions is equivalent to SO(3)xSO(3). And, as just discussed, we 
are already familiar with the representation theory of SO(3). We therefore 
conclude that the representations of the Lorentz group in four spacetime 
dimensions are specified by two numbers n and n' , each a nonnegative integer 
or half-integer. 

This turns out to be correct, but there is a complication. To derive the 
usual representation theory of SO (3), as is done in any text on quantum 
mechanics, we need to use the fact that the components Jj of the angular 
momentum operator are hermitian. The components iVj of eq. (|13|) . on the 
other hand, are not. This means that we have to redo the usual derivation 
of the representations of SO (3), and see what changes. 

As we have already noted, the final result is the naive one, that the 
representations of the Lorentz group in four dimensions are the same as the 
representations of SO(3) xSO(3). Those uninterested in the (annoyingly com- 
plicated) details can skip ahead all the way ahead to the last four paragraphs 
of this section. 
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We begin by noting that N 2 commutes with Nf, this is easily derived 
from eq. (JHJ). Similarly, N^ 2 commutes with Nj . Eq. (fTBj) then implies that 
N 2 , N 3 , N* 2 , and JVj are all mutually commuting. Therefore, we can define 
a set of simultaneous eigenkets \n,m;n',m'), where the eigenvalues of iV 2 , 
N 3 , iVt 2 , and JVj are f(n), m, f{n'), and m, respectively. [Later we will 
see that n and n' must be nonnegative integers or half-integers, and that 
f(n) = n(n+l), as expected.] We also define a set of bra states (n, m; n', m'\ 
that, by definition, obey 

(n 2 , m 2 ; n' 2 , m' 2 |ni, m x \ n[, m[) = ^^^mj!^^^^^ = A 21 (17) 

and 

|n, m; n', m')(n, m; nf, m'\ = 1 . (18) 

In eq. ffT%|) . the sum is over all allowed values of n, m, n', and m'; our goal is 
to determine these allowed values. 

From the discussion so far, we can conclude that 

(n 2 , m 2 ] n' 2 , m' 2 \ N 2 \m, m\\ n[, mi) = /(ni) A 2 i , (19) 

(n 2 ,m 2 ;n' 2J m' 2 \ N 3 \n l ,m 1 ;n' l ,m' l ) = m 1 A 2 i, (20) 

(n 2 , m 2 ; n' 2 , m 2 | iV t2 |m, m^; n' 1; m' x ) = /(n'J A 21 , (21) 

(n 2 , m 2 ; n' 2 , m 2 | N 3 |m, m^ ni, mi) = mi A 21 . (22) 

Note that we have not yet made any assumptions about the properties of 
the states under hermitian conjugation. From eqs. (fPIj) and (fi3j) . we see that 
hermitian conjugation exchanges the two SO (3) groups. Therefore, we must 
have 

\n, m; n', m')' = (n ,m';n,m\ , (23) 
(n,m;n ^m'^ = \n \m';n,m) , (24) 

up to a possible phase factor that turns out to be irrelevant. Compare the 
ordering of the labels in eqs. (J2l?|) and (|2~^) with those in eqs. (|T7|) and (JTHJ); a 

state \n,m;n' ,m') has zero inner product with its own hermitian conjugate 
if n ^ n' or m ^ m! . 
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Next, take the hermitian conjugates of eqs. (jTUj) and (|'2L)p. using eqs. (|'23|) 
and (j211). We get 

(n' 1 ,m / 1 ;m,mi|iV t2 |n2,m2;n2,m2) = [/(ni)]*A 2 i , (25) 
(n' 1 ,m' 1 ]n 1 ,m 1 \ iVj \n' 2 ,m' 2 ;n 2 ,m 2 ) = m* A 2 i , (26) 

Comparing eqs. (J23j) and PHjl with eqs. (|2*T|) and (J22J), we find that the allowed 
values of f(n) and m are real. 

We now define the raising and lowering operators 

N± = Ni± iN 2 , (27) 
(N^) ± = N\±iNl- (28) 

note that 

(AT ± )t = (iV t) T . (29) 
The commutation relations (JUjl become 

[JV 3 ,iV ± ] = ±iV±, (30) 
[N+,N-] =2N 3} (31) 

plus the equivalent with iV — > A^^. By inserting a complete set of states 
into eq. (|5U|). and mimicking the usual procedure in quantum mechanics, it 
is possible to show that 

{n2,m2+l;n2,m' 2 \N + \ni,mi;n' 1 ,m' 1 ) = A+(ni,mi) A 2 i , (32) 
{ni,mi]n\,m' 1 \N-\n2,m2+V,n' 2 ,m 2 ) = A_(ni,mi)A 2 i , (33) 

where A+(n, m) and A_(n, m) are functions to be determined. By inserting 
a complete set of states into eq. (j3~Tj) . and using eqs. and (jUID), we can 
show that 

A + (n, m— l)A_(n, m— 1) — A + (n, m)A_(n, m) = 2m . (34) 
The solution of this recursion relation is 

X + (n,m)X_(n,m) = C(n) — m(m+l) , (35) 
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where C(n) is an arbitrary function of n. 

Next we need the parity operator P, introduced in section 23. From the 
discussion there, we can conclude that 



where 



' v 



-1 

-1 

V -l J 



(36) 



(37) 



Eq. (}3l)j) implies 



p-\JiP = +Ji , 
P- l K,iP = -Ki . 



or, equivalently, 



P^NiP 

p^nJp 



Ni . 



Since P exchanges Ni and Nj, it must be that 

P\n,m;n',m') = \n' ,m';n,m) 
P _1 |n, m; n', m!) = \n' ,m';n,m) 



(38) 
(39) 



(40) 
(41) 



(42) 
(43) 



up to a possible phase factor that turns out to be irrelevant. Taking the 
hermitian conjugate of eqs. (|4^j) and flj5j) , we get 



(n', m'; n, m\P 
(n , m'; n, m\P 



(n, m; n', m'\ 
(n, m; n , m'| 



(44) 
(45) 



where we have used the fact that P is unitarity: pt = P 1 . 

Now we can take eq. (|32j) and insert PP _1 on either side of N + to get 



A + (ni, mi) A 2 i = {n 2l m 2 +l]n 2 ,m 2 \ PP 1 N + PP 1 |m, mi; r^, m[) 
= (n' 2 , m' 2 ; n 2 , m 2 +l\ P~ 1 N + P \n' x , m' x \ n%, mi) 
= (n' 2 , m' 2 ; n 2) m 2 +l| (A^ t ) + \n' x , vd x \ n x , . 



(46) 
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In the second line, we used eqs. (^5j) and (j45j) . In the third, we used eq. ()4(J|1. 
Now taking the hermitian conjugate of eq. pSjl. and using eqs. (|2*3j) . (}2"4"|) . and 
(J2U), we find 

(nijmijn'^m'J iV_ |n 2 , m 2 +l; n 2 , to 2 ) = [A + (ni, mi)]* A 21 . (47) 

Comparing eq. (jj7j) with eq. we see that 

A_(n,m) = [A+(n,m)]* . (48) 

This is the final ingredient. Putting eq. (J4*%j) into eq. (J2SJ), we get 

|A + (n,m)| 2 = C{n) - m(m+l) . (49) 

From here, everything can be done by mimicking the usual procedure in the 
quantum mechanics of angular momentum. We see that the left-hand side of 
eq. ()49j) is real and nonnegative, while the right-hand side becomes negative 
for sufficiently large \m\. This is not a problem if there are two values of 
m, differing by an integer, for which X + (n,m) is zero. From this we can 
deduce that the allowed values of m are real integers or half-integers, and 
that if we choose C(n) = n(n+l), then n is an integer or half-integer such 
that the allowed values of m are —n, — n+1, . . . , +n. We can also show that 
f(n) = C(n) = n(n+l). Thus the representations of the Lorentz group in 
four dimensions are just the same as those of SO(3)xSO(3). 

We will label these representations as (2n+l, 2n'+l); the number of com- 
ponents of a representation is then (2n+l)(2n'+l). Different components 
within a representation can also be labeled by their angular momentum rep- 
resentations. To do this, we first note that, from eqs. (fi^j) and (JT3J), we have 
J = N + . Thus, deducing the allowed values of j given n and n' becomes 
a standard problem in the addition of angular momenta. The general result 
is that the allowed values of j are \n—n'\, \n— n'\+l, . . . ,n+n', and each of 
these values appears exactly once. 

The four simplest and most often encountered representations are (1, 1), 
(2, 1), (1,2), and (2,2). These are given special names: 

(1,1) = Scalar or singlet 
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(2. 1) = Left-handed spinor 

(1.2) = Right-handed spinor 

(2, 2) = Vector (50) 

It may seem a little surprising that (2, 2) is to be identified as the vector rep- 
resentation. To see that this must be the case, we first note that the vector 
representation is irreducible: all the components of a four-vector mix with 
each other under a general Lorentz transformation. Secondly, the vector rep- 
resentation has four components. Therefore, the only candidate irreducible 
representations are (4,1), (1,4), and (2,2). The first two of these contain 
angular momenta J = § only, whereas (2, 2) contains j = and j = 1. This 
is just right for a four-vector, whose time component is a scalar under spatial 
rotations, and whose space components are a three-vector. 

In order to gain a better understanding of what it means for (2, 2) to be 
the vector representation, we must first investigate the spinor representations 
(1, 2) and (2, 1), which contain angular momenta j — h only. 

Problems 

33.1) Express A^(x), S ftv (x), and T(x) in terms of B^(x). 

33.2) Verify that eqs. ffT4"UT6l) follow from eqs. JSHDJ. 
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34: Left- and Right-Handed Spinor Fields 

Prerequisite: 33 

Consider a left-handed spinor field ip a (x), also known as a left-handed 
Weyl field, which is in the (2, 1) representation of the Lorentz group. Here 
the index a is a left-handed spinor index that takes on two possible values. 
Under a Lorentz transformation, we have 

U(A)-^ a (x)U(A) = L a b (A)M^^) , (51) 

where L a b (A) is a matrix in the (2, 1) representation. These matrices satisfy 
the group composition rule 

L a 6 (A0 V(A 2 ) = £a C (AiA 2 ) • (52) 
For an infinitesimal transformation A M „ = + 5uo^ ul we can write 

L a b (l+6u) = 6 a b + iSu^SDa , (53) 

where (S£ u ) a b = —(S^) a b is a set of 2 x 2 matrices that obey the same 
commutation relations as the generators , namely 

[sir, sn = i(g» p sr - g^)) - . (54) 

Eq. (fo"Tj) becomes 

[^ a (x), MH = -i{x^d v -x v d^ a {x) + (Sn a b Mx) , (55) 

where U(1+8uj) = I + -Su^M^" ' . The first term on the right-hand side of 
eq. would also be present for a scalar field, and is not the focus of our 
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current interest; we will suppress it by evaluating the fields at the space- 
time origin, x M = 0. Recalling that M y = e % ^ k J k , where J k is the angular 
momentum operator, we have 

e y *[^ o (0),J fc ] = (5j i )«V6(0). (56) 

Recall that the (2, 1) representation of the Lorentz group includes angular 
momentum j = \ only. For a spin-one-half operator, the standard convention 
is that the matrix on the right-hand side of eq. (jo^j) is ^e^ k a k , where a k is a 
Pauli matrix: 

ai = (? J)' a > = (°i o')' a3 =(l (57) 

We therefore conclude that 

(^) a 6 = \e^o h . (58) 

Thus, for example, setting i—1 and j—2 yields (Sl 2 ) a b = \e 12k a k = |<7 3 , 
where the subscript a is the row index (and the superscript b is the column 
index) of the matrix |(73. Therefore, (S^ 2 )]. 1 = +|, (S^ 2 ^ 2 = — |, and 
(5 L 12 )i 2 = ( W = o. 

Once we have the (2, 1) representation matrices for the angular momen- 
tum operator Jj, we can easily get them for the boost operator = M k0 . 
This is because Jk = N k + Nl and K k = i(N k — N k ), and, in the (2,1) 
representation, N k is zero. Therefore, the representation matrices for K k are 
simply i times those for J k , and so 

(S k L °) a b = \io k . (59) 

Now consider taking the hermitian conjugate of the left-handed spinor 
field ijj a {x). Recall that hermitian conjugation swaps the two SO (3) factors 
in the Lorentz group. Therefore, the hermitian conjugate of a field in the 
(2, 1) representation should be a field in the (1, 2) representation; such a field 
is called a right-handed spinor field, or a right-handed Weyl field. We will 
distinguish the indices of the (1, 2) representation from those of the (2, 1) 
representation by putting dots over them. Thus, we write 

[^ a (x)]t = 4(x) . (60) 
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Under a Lorentz transformation, we have 

C/(A)-Vl(x)C/(A) = RM)^ b (^) , (61) 

where i?a 6 (A) is a matrix in the (1, 2) representation. These matrices satisfy 
the group composition rule 

i?>(Ai)iV(A 2 ) = R i 6 (A 1 A 2 ) . (62) 

For an infinitesimal transformation A M „ = 5^ v + 5uo^ ul we can write 

Ra\l+5U) = 6j + ^U^S^)^ , (63) 

where (Sg u )a b = — (S^) a b is a set of 2 x 2 matrices that obey the same 
commutation relations as the generators M^ u . We then have 

[4(0),MH = (5D a V 6 t (0). (64) 
Taking the hermitian conjugate of this equation, we get 

[M^,M0)] = [(SnA*M0). (65) 
Comparing this with eq. (j55|) . we see that 

(sn a b = -[(sn a b r ■ m 

In the previous section, we examined the Lorentz-transformation proper- 
ties of a field carrying two vector indices. To help us get better acquainted 
with the properties of spinor indices, let us now do the same for a field that 
carries two (2,1) indices. Call this field C a b(x). Under a Lorentz transfor- 
mation, we have 

?7(A)- 1 C a6 (x)?7(A) = L a c (K)L b \A)C cd (h.- l x) . (67) 

The question we wish to address is whether or not the four components of 
Cab can be grouped into smaller sets that do not mix with each other under 
Lorentz transformations. 

To answer this question, recall from quantum mechanics that two spin- 
one-half particles can be in a state of total spin zero, or total spin one. 
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Furthermore, the single spin-zero state is the unique antisymmetric combi- 
nation of the two spin-one-half states, and the three spin-one states are the 
three symmetric combinations of the two spin-one-half states. We can write 
this schematically as 2 (g) 2 = 1a © 3s, where we label the representation of 
SO (3) by the number of its components, and the subscripts S and A indi- 
cate whether that representation appears in the symmetric or antisymmetric 
combination of the two 2's. For the Lorentz group, the relevant relation is 
(2, 1) © (2, 1) = (1, 1)a © (3, l)s- This implies that we should be able to write 

C ab {x) = e ab D(x) + G ab (x) , (68) 

where D(x) is a scalar field, e ab = —e ba is an antisymmetric set of constants, 
and G ab (x) = G ba (x). The symbol e ab is uniquely determined by its symmetry 
properties up to an overall constant; we will choose £ 2 i = — e i2 = +1- 

Given that D(x) is a Lorentz scalar, eq. ()68|) is consistent with eq. (|67j) 
only if 

L a c (A)L b d (A)e cd = e ab . (69) 

This means that e ab is an invariant symbol of the Lorentz group: it does not 
change under a Lorentz transformation that acts on all of its indices. In this 
way, e ab is analogous to the metric g^, which is also an invariant symbol, 
since 

A/ASgpv = . (70) 

We use g^ u and its inverse g^ u to raise and lower vector indices, and we can 
use e ab and and its inverse e ab to raise and lower left-handed spinor indices. 
Here we define e ab via 

e 12 = e 21 = +1 , e 21 = e 12 = -1 . (71) 

With this definition, we have 

e ab e bc = 5 a c , s ab s bc = 5 a c . (72) 

We can then define 

= e ab Mx) ■ (73) 
We also have (suppressing the spacetime argument of the field) 

ipa = e ab i\) b = e ab e bc ip c = 5 a c ip c , (74) 
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as we would expect. However, the antisymmetry of e means that we must 
be careful with minus signs; for example, eq. (|T3*j) can be written in various 
ways, such as 

^ a = £ ab ^ h = -e ha i) h = -i) b s ba = ip b e ab . (75) 
We must also be careful about signs when we contract indices, since 

rXa = e ab tP bXa = -e ba i> bXa = -^ b X b ■ (76) 

In section 35, we will (mercifully) develop an index-free notation that auto- 
matically keeps track of these essential (but annoying) minus signs. 

An exactly analogous discussion applies to the second SO (3) factor; from 
the group-theoretic relation (1, 2) ® (1, 2) = (1, 1)a © (1, 3)s, we can deduce 
the existence of an invariant symbol e hb = —s bh . We will normalize e ab 
according to eq. (J7TJ). Then eqs. (J72HZH1) hold if all the undotted indices are 
replaced by dotted indices. 

Now consider a field carrying one undotted and one dotted index, A aa (x). 
Such a field is in the (2, 2) representation, and in section 33 we concluded 
that the (2, 2) representation was the vector representation. We would more 
naturally write a field in the vector representation as A^(x). There must, 
then, be a dictionary that gives us the components of A a a{x) in terms of the 
components of v4 M (x); we can write this as 

A ah {x) = o&A^x) , (77) 

where is another invariant symbol. That such a symbol must exist can 
be deduced from the group-theoretic relation 

(2,1)® (1,2)® (2, 2) = (1,1)©... . (78) 

As we will see in section 35, it turns out to be consistent with our already 
established conventions for S£ v and S£ u to choose 

< a = (1, 3) . (79) 
Thus, for example, ah = +1, a^ = —1, ah = ah = 0. 
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In general, whenever the product of a set of representations includes the 
singlet, there is a corresponding invariant symbol. For example, we can 
deduce the existence of g^ v = g Vfl from 

(2, 2) ® (2, 2) = (1, l) s © (1, 3) A © (3, 1) A © (3, 3) s . (80) 

Another invariant symbol, the Levi-Civita symbol, follows from 

(2, 2) © (2, 2) © (2, 2) © (2, 2) = (1, 1) A © . . . , (81) 

where the subscript A denotes the completely antisymmetric part. The Levi- 
Civita symbol is e pvpo ", which is antisymmetric on exchange of any pair of 
its indices, and is normalized via e 0123 = +1. To see that e pupa is invariant, 
we note that A p a A u pk p 7 A CT ge af3lS is antisymmetric on exchange of any two 
of its uncontracted indices, and therefore must be proportional to s pvpa . The 
constant of proportionality works out to be det A, which is +1 for a proper 
Lorentz transformation. 

We are finally ready to answer a question we posed at the beginning of 
section 33. There we considered a field B pv (x) carrying two vector indices, 
and we decomposed it as 

B^ix) = A" u {x) + S^{x) + \g^T{x) , (82) 

where A pu is antisymmetric (A pu = —A up ) and S pu is symmetric (S pu = S up ) 
and traceless (g fJ , u S p ' l/ = 0). We asked whether further decomposition into 
still smaller irreducible representations was possible. The answer to this 
question can be found in eq. (fKUJ) . Obviously, T{x) corresponds to (1,1), and 
S pu (x) to (3,3). [Note that a symmetric traceless tensor has three indepen- 
dent diagonal components, and six independent off-diagonal components, for 
a total of nine, the number of components of the (3, 3) representation.] But, 
according to eq. (|8D|L the antisymmetric field A plJ (x) should correspond to 
(3,1) © (1,3). A field in the (3,1) representation carries a symmetric pair 
of left-handed (undotted) spinor indices; its hermitian conjugate is a field in 
the (1, 3) representation that carries a symmetric pair of right-handed (dot- 
ted) spinor indices. We should, then, be able to find a mapping, analogous 
to eq. ([77)1 . that gives A pu (x) in terms of a field G a b(x) and its hermitian 
conjugate G\Ax). 
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This mapping is provided by the generator matrices S£ u and S£". We 
first note that the Pauli matrices are traceless, and so eqs. ()58|) and (JSTJj) 
imply that (S£ u ) a a = 0. Using eq. (f73J). we can rewrite this as s ab (S^ v ) a b = 0. 
Since e ab is antisymmetric, (S£ u ) a b must be symmetric on exchange of its two 
spinor indices. An identical argument shows that (Sj^)^ must be symmetric 
on exchange of its two spinor indices. Furthermore, according to eqs. (J58|) 
and (jnij), we have 

(St\ b = ^(S 2 L 3 ) a b . (83) 
This can be written covariantly with the Levi-Civita symbol as 

(SHa b = -^ vprj {S hpa ) a b . (84) 

Similarly, 

{S^) d b = +^e^(S Rpa )a b • (85) 

Eq. (J53)l follows from taking the complex conjugate of eq. (jSlj) and using 
eq. (JSfij) . 

Now, given a field G a b(x) in the (3, 1) representation, we can map it into 
a self-dual antisymmetric tensor G^ u (x) via 

G^(x) = (Sn ab G ab (x) . (86) 
By self-dual, we mean that G^ix) obeys 

G^{x) = -ie^G pa (x) . (87) 
Taking the hermitian conjugate of eq. (jSfij) . and using eq. (jHSJ), we get 

G^(x) = -(Sn db Gl(x) , (88) 

which is anti-self-dual, 

G^ v {x) = +\z» vpu G\ a {x) . (89) 

Given a hermitian antisymmetric tensor field A^ y {x), we can extract its self- 
dual and anti-self-dual parts via 

CT{x) = \A^(x) - \e^ pa A pa [x) , (90) 
G^(x) = \A^{x) + \e^A p(J {x) . (91) 
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Then we have 

A^(x) = G» u (x) + G^ v {x) . (92) 

The field G^ u (x) is in the (3, 1) representation, and the field G* IMV (x) is in the 
(1,3) representation; these do not mix under Lorentz transformations. 



Problems 

34.1) Verify that eq. (|55|l follows from eq. (|5ip. 

34.2) Verify that eqs. flHH|) and obey eq. (IH4D . 

34.3) Consider a field C°"" co "" c (x), with N undotted indices and M dot- 
ted indices, that is furthermore symmetric on exchange of any pair of un- 
dotted indices, and also symmetric on exchange of any pair of dotted in- 
dices. Show that this field corresponds to a single irreducible representation 
(2n+l, 2n'+l) of the Lorentz group, and identify n and n' . 
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35: Manipulating Spinor Indices 

Prerequisite: 34 



In section 34 we introduced the invariant symbols e a b, £ , an< ^ £ ■> 
where 

e 12 = £ i2 = e 21 = £ ^ = +1 , e 21 = e 2i = e 12 = e i5 = -1 . (93) 

We use the e symbols to raise and lower spinor indices, contracting the second 
index on the e. (If we contract the first index instead, then there is an extra 
minus sign). 

Another invariant symbol is 

<a = (A 3) , (94) 
where / is the 2x2 identity matrix, and 

■>-(! !)■ "-(1 D' -0 w 

are the Pauli matrices. 

Now let's consider some combinations of invariant symbols with some 
indices contracted, such as g^a^a^. This object must also be invariant. 
Then, since it carries two undotted and two dotted spinor indices, it must 
be proportional to £ab£ a i,- Using eqs. (j9*3^) and ()94|1. we can laboriously check 
this; it turns out to be correct. [If it wasn't, then eq. ()94j) would not be 
a tenable choice of numerical values for this symbol.] The proportionality 
constant works out to be minus two: 

= - 2e ^ab ■ ( 96 ) 
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Similarly, e e a p h a^ b must be proportional to g^ v , and the proportionality 
constant is again minus two: 



_ofe_d6_M _f 



-2<7 



Next, let's see what we can learn about the generator matrices (5; 



(97) 

L /a. 

and (S£ u )a b from the fact that e ab , e db , and <r^ are all invariant symbols. 
Begin with 

e ab = L(A) a c L(A) b d e cd , (98) 

which expresses the Lorentz invariance of e ab . For an infinitesimal transfor- 
mation A M „ = 5^ v + 5uj^ V) we have 



L a b {l+6u) = 5 a b + i6u^(SDa b , 



(99) 



and eq. (f9*£J) becomes 



Bab = £ab + (S£") 



ad 



£ab + ■k0U) b 



Iba 



0(6u 2 ) 
O(5oo 2 ) . 



(100) 



Since eq. fll00|) holds for any choice of Su^, it must be that the factor in 
square brackets vanishes. Thus we conclude that (S^ u ) ab = (S^ u ) ba , which we 
had already deduced in section 34 by a different method. Similarly, starting 
from the Lorentz invariance of e db , we can show that (S£ u ) db = (S£ u ) b& . 
Next, start from 



a p ah = A\L(A) a b R(A), b a 



bb ' 



(101) 



which expresses the Lorentz invariance of a ah . For an infinitesimal transfor- 
mation, we have 

A\ = 8\ + §<fav(<r<f T - g vp b\) , 
L b {l+5u) = 5 b + iSu^Sna , 



Ra b {l+5oj) = 5 a b + ^u, u {S pv ) b . 



(102) 
(103) 
(104) 



Substituting eqs. ()102H104j) into eq. (jlOlj) and isolating the coefficient of Sui^ 
yields 

(g^8% - g vp b\)al a + zOTV< + * W)M = ■ (105) 
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Now multiply by a pct . to get 

« a ~ «d + i(Sn a b a p b& a pc6 + KSnMhVpcc = . (106) 

Next use eq. ()96|) in each of the last two terms to get 

« - <c<a + 2i{Sn ac e, c + 2i{S^) ac e ac = . (107) 

If we multiply eq. fllU7|) by e ac , and remember that e ac (S£ u )ac = and that 
£ ac £ac = — 2, we get a formula for (S^ u ) ac , namely 

(SDac = - . (108) 

Similarly, if we multiply eq. ()107|) by e ac , we get 

These formulae can be made to look a little nicer if we define 

Numerically, it turns out that 

ff" aa = (/,-ff). (Ill) 
Using a^, we can write eqs. ()108|) and ()109|) as 

OTV = +|K^ "^)a\ (H2) 

(5D*6 = -i(^-^) 4 6- (H3) 

In eq. (jllHj) . we have suppressed a contracted pair of undotted indices ar- 
ranged as c c , and in eq. ()112|) . we have suppressed a contracted pair of dotted 
indices arranged as £ c - 

We will adopt this as a general convention: a missing pair of contracted, 
undotted indices is understood to be written as c c , and a missing pair of 
contracted, dotted indices is understood to be written as t c - Thus, if x an d 
ip are two left-handed Weyl fields, we have 

X^ = X>« and = Xd^ 4 ■ (H4) 



21 



We expect Weyl fields to describe spin-one-half particles, and (by the spin- 
statistics theorem) these particles must be fermions. Therefore the corre- 
spoding fields must anticommute, rather than commute. That is, we should 
have 

Xa(x)ipb(y) = -Mv)Xa(x) . (115) 
Thus we can rewrite eq. (I114j) as 

X*P = X>a = ~^aX a = = ^X ■ (116) 

The second equality follows from anticommutation of the fields, and the third 
from switching a a to a a (which introduces an extra minus sign). Eq. (jllfij) 
tells us that = ipXi which is a nice feature of this notation. Furthermore, 
if we take the hermitian conjugate of xVs we get 

(x0 = (x a ip a y = MHx a V = 4x td = • (H7) 

That (xVO = i> X is j us ^ what we would expect if we ignored the indices 
completely. Of course, by analogy with eq. we also have tp^X^ — X^4 ■ 

In order to tell whether a spinor field is left-handed or right-handed when 
its spinor index is suppressed, we will adopt the convention that a right- 
handed field is always written as the hermitian conjugate of a left-handed 
field. Thus, a right-handed field is always written with a dagger, and a 
left-handed field is always written without a dagger. 

Let's try computing the hermitian conjugate of something a little more 
complicated: 

^a» X = 4^ c Xc (H8) 
This behaves like a vector field under Lorentz transformations, 

U(K)- l [^a» X }U^) = A<yV>V X ] • (119) 

(To avoid clutter, we suppressed the spacetime argument of the fields; as 
usual, it is x on the left-hand side and A x on the right.) 
The hermitian conjugate of eq. ()118|) is 

[4^x] j = [4^ C Xc] j 
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= X, 



a 



(I 



= xVv ■ 



(120) 



In the third line, we used the hermiticity of the matrices = (I, —&)■ 

We will get considerably more practice with this notation in the following 
sections. 



35.1) Verify that eq. (ITTTJ) follows from eqs. O and ffTTHjl. 

35.2) Verify that eq. ()112j) is consistent with eqs. (JHHj) and (JHH]). 

35.3) Verify that eq. ()113|) is consistent with eq. (JHHJ). 

35.4) Verify eq. JUj). 

Hint for all problems: write everything in "matrix multiplication" or- 
der, and note that, numerically, e ab = —e a b = io-i- Then make use of the 
properties of the Pauli matrices. 



Problems 
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36: Lagrangians for Spinor Fields 
Prerequisite: 4, 22, 35 



Suppose we have a left-handed spinor field ip a . We would like to find a 
suitable lagrangian for it. This lagrangian must be Lorentz invariant, and it 
must be hermitian. We would also like it to be quadratic in ip and its hermi- 
tian conjugate because this will lead to a linear equation of motion, with 
plane-wave solutions. We want plane-wave solutions because these describe 
free particles, the starting point for a theory of interacting particles. 

Let us begin with terms with no derivatives. The only possibility is 
ipip = ip a ip a = e ab ip}yip ai plus its hermitian conjugate. Alas, ipip appears to be 
zero, since ipbipa = ipaipb, while e ab = —e ba . 

However, from the spin-statistics theorem, we expect that spin-one-half 
particles must be fermions, described by fields that anticommute. Therefore, 
we should have ipbi^a = —^a^b rather than ipb^a = +i J ai J b- Then ipip does 
not vanish, and we can use it term in L. 

Next we need a term with derivatives. The obvious choice is d^ipd^ip, 
plus its hermitian conjugate. This, however, yields a hamiltonian that is 
unbounded below, which is unacceptable. To get a bounded hamiltonian, 
the kinetic term must involve both tp and ijy . A candidate is iip^a^d^ip. This 
not hermitian, but 

= -td,4a^ a 

= i^a^d^ - id^a^ip) . (121) 
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In the third line, we used the hermiticity of the matrices <r M = (I, — a). In the 
fourth line, we used AdB = —(dA)B + d(AB). In the last line, the second 
term is a total divergence, and vanishes (with suitable boundary conditions 
on the fields at infinity) when we integrate it over d^x to get the action 5*. 
Thus iip^a^d^ip has the hermiticity properties necessary for a term in L. 
Our complete lagrangian for ip is then 

L = i^a^ip - - \m*^^ , (122) 

where m is a complex parameter with dimensions of mass. The phase of m is 
actually irrelevant: if m = \m\e ta , we can set ip = e~ %a l 2 ip in eq. (J122)) ; then 
we £ret a la grangian for ip that is identical to eq. ()122|) . but with m replaced 
by \m\. So we can, without loss of generality, take m to be real and positive 
in the first place, and that is what we will do, setting m* = m in eq. ()122j) . 
The equation of motion for ip is then 

s s 

= -— = -ia^d.ip + mift , (123) 
dip* 

Restoring the spinor indices, this reads 

= -ia^df.ipc + mip ]k . (124) 

Taking the hermitian conjugate (or, equivalently, computing —SS/Sip), we 
get 

= +i(a» a6 )* + mip a 
= +ia^ a d^\ + mip a 

^d^ + m^. (125) 



-ta- 



in the second line, we used the hermiticity of the matrices a^ = (I, —a). In 
the third, we lowered the undotted index, and switched ^to/, which gives 
an extra minus sign. 

Eqs. ()125j) and ()124j) can be combined to read 



mb a c 
-ia^ hc dp 




. (126) 
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We can write this more compactly by introducing the 4x4 gamma matrices 



( <c , 
r= _„ ,„ : • (127) 



ac 

a^ ac 



Using the sigma-matrix relations, 

(p*o" + a^) a c = -2g^5 a c , 

(a^a u + ffV) a c = -2g^5" 6 , (128) 

which are most easily derived from the numerical formulae a^a = C^> ^) anc l 
<r /iaa = {I,— a), we see that the gamma matrices obey 

{y,7"} = -2«r , (129) 

where {A, B} = AB + BA denotes the anticommutator, and there is an 
understood 4x4 identity matrix on the right-hand side. We also introduce 
a four-component Majorana field 

•-(£)• (130) 

Then eq. (1126(1 becomes 

H7^ + m)* = 0. (131) 

This is the Dirac equation. We first encountered it in section 1, where the 
gamma matrices were given different names {(3 = 7 and a k = 7°7 fc ). Also, 
in section 1 we were trying (and failing) to interpret $ as a wave function, 
rather than SIS db quantum field. 

Now consider a theory of two left-handed spinor fields with an SO (2) 
symmetry, 

L = iipja^d^ipi - \m4i^i - ^mipjipj , (132) 

where the spinor indices are suppressed and % = 1, 2 is implicitly summed. 
As in the analogous case of two scalar fields discussed in sections 22 and 23, 
this lagrangian is invariant under the SO (2) transformation 



' ip\ \ I cos a sin a \ / ipx 
, 1P2 J V — sin a cos a J \ ^2 



(133) 
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We can write the lagrangian so that the SO(2) symmetry appears as a U(l) 
symmetry instead; let 

X = 75(^1 +#2), (134) 

e = ^(^i-#2). (135) 

In terms of these fields, we have 

L = ix^^x + i^^d^ - mxi - mfV ■ (136) 
Eq. (jl36|) is invariant under the U(l) version of eq. ()133|1 . 



x - 


-> e~ 




i- 


+ e" 




x ] - 


- e" 











(137) 

Next, let us derive the equations of motion that we get from eq. (jl3fij) . 
following the same procedure that ultimately led to eq. (jl26j) . The result is 

/ md a c -ia^d^\ / Xc x 
\-ia^ c d^ m5 a d ) \g 6 , 

We can now define a four-component Dirac field 



. (138) 



* = 1 x ; ) , das) 



which obeys the Dirac equation, eq. ()131j) . (We have annoyingly used the 
same symbol \1/ to denote both a Majorana field and a Dirac field; these are 
different objects, and so we must always announce which is meant when we 
write \1/.) 

We can also write the lagrangian, eq. (|13fij) . in terms of the Dirac field 
eq. ()139|) . First we take the hermitian conjugate of \1/ to get 

* f = (xl , O ■ (140) 
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Introduce the matrix 

P=[ . (141) 

W J 

Numerically, (3 = 7 . However, the spinor index structure of (3 and 7 is 
different, and so we will distinguish them. Given /3, we define 

V = tfp = (142) 

Then we have 

^ = CXa + • (143) 

Also, 

^-fdji! = £Xc 5^ t£ + xl ^ d, X c ■ (144) 

Using ABB = —(dA)B + <9(AB), the first term on the right-hand side of 
eq. ()144j) can be rewritten as 



e<t d^ c = ~(d,eKc e tc + ^(£Xa ^) • (145) 
The first term on the right-hand side of eq. (|145|) can be rewritten as 

- (^CKc ^ = H ]t < c d,C = +d f a d^ a ■ (146) 

Here we used anticommutation of the fields to get the first equality, and 
switched c £ tOc C and a a to a a (thus generating two minus signs) to get the 
second. Combining eqs. ()144H146j) . we get 

= x ] ^d, X + + d^g) • (147) 

Therefore, up to an irrelevant total divergence, we have 

L = ilfj^d^ - . (148) 

This form of the lagrangian is invariant under the U(l) transformation 

m -> e~ ia ^ , 

vF -> e +ia * , (149) 
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which, given eq. (|139|) . is the same as eq. (|137j) . The Noether current associ- 
ated with this symmetry is 

f = = x j ^ l x ~ ■ (150) 

In quantum electrodynamics, the electromagnetic current is e^^, where e 
is the charge of the electron. 

As in the case of a complex scalar field with a U(l) symmetry, there is an 
additional discrete symmetry, called charge conjugation, that enlarges SO (2) 
to 0(2). Charge conjugation simply exchanges x an d £• We can define a 
unitary charge conjugation operator C that implements this, 

C-'xa^C = £ (s) , 

C-'U^C = Xa{x) , (151) 

where, for the sake of precision, we have restored the spinor index and space- 
time argument. We then have C~ 1 L(x)C = L(x). 

To express eq. ()15H) in terms of the Dirac field, eq. ()139j) . we first introduce 
the charge conjugation matrix 




(152) 



Next we notice that, if we take the transpose of eq. ()142|) . we get 

* T =(3)- (153) 

Then, if we multiply by C, we get a field that we will call \l/ c , the charge 
conjugate of ^, 

^ c = CW = 

We see that \l/ c is the same as the original field eq. (|139j) . except that the 
roles of x an d £ have been switched. 

The charge conjugation matrix has a number of useful properties. As a 
numerical matrix, it obeys 

C T = C ] = C- 1 = -C , (155) 




(154) 
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and we can also write it as 

C =[ „ )• ( 156 ) 

A result that we will need later is 

/ e ab 
V e ab/ V 

e ab a^ 
a ?f^ bc F 




-CT^ 

-at 



(157) 



The minus signs in the last line come from raising or lowering an index by 
contracting with the first (rather than the second) index of an e symbol. 
Comparing with 

7 M = ( ° ae& ), (158) 

we see that 

<r V<? = ~(YY ■ (159) 

Now let us return to the Majorana field, eq. ()130|) . It is obvious that a 
Majorana field is its own charge conjugate, that is, \l/ c = This condition 
is analogous to the condition cp' — <p that is satisfied by a real scalar field. A 
Dirac field, with its U(l) symmetry, is analogous to a complex scalar field, 
while a Majorana field, which has no U(l) symmetry, is analogous to a real 
scalar field. 

We can write the lagrangian for a single left-handed spinor field, eq. (jl22|) . 
in terms of a Majorana field, eq. ([130jh by retracing eqs. (jl40H148"j) with \ ~* 
ip and ^ —>■ if}. The result is 

L = p>7 M <9 M ^ - . (160) 

However, this expression is not yet useful for deriving the equations of motion, 
because it does not yet incorporate the Majorana condition \l/ c = ^ . To 
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remedy this, we use eq. (1155)) to write the Majorana condition \& = C\P T as 
\p = \fr T C. Then we can replace \I> in eq. (j!6Up by \I/ T C to get 



L = i^ T C7^^^ - ±m^ T C* . (161) 

The equation of motion that follows from this lagrangian is once again the 
Dirac equation. 

We can also recover the Weyl components of a Dirac or Majorana field 
by means of a suitable projection matrix. Define 

*-( o *J' (162) 

where the subscript 5 is simply part of the traditional name of this matrix, 
rather than the value of some index. Then we can define left and right 
projection matrices 



P L = |(l-75) 



S a c 0- 

. o 0, 



f Q \ 



Thus we have, for a Dirac field, 



Xc 



P ^=(^)- (164) 
The matrix 75 can also be expressed as 

■ n 1 2 3 

75 = H 7 7 7 

= 4wfW , (165) 

where e i23 = -1- 
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Finally, let us consider the behavior of a Dirac or Majorana field under 
a Lorentz transformation. Recall that left- and right-handed spinor fields 
transform according to 

U(A)-^ a (x)U(A) = L(A) a c ^ c (A~ 1 x) , (166) 
UiAy^KxMA) = R{A)^4{A- l x) , (167) 

where, for an infinitesimal transformation A fl u = 5^ v + 5uo^ V) 

L(l+5u) a c = 5 a c + 1 5^(5D S C , (168) 
R{l+Su) & 6 = 8 & 6 + i8u^(S£% 6 , (169) 

and where 

(SST) & & = -f(W -a v a»f t . (171) 
From these formulae, and the definition of 7 M , eq. ()127|) . we can see that 

l[7 M ,7l= . Ur. (172) 

4 v o -(s^rJ 

Then, for either a Dirac or Majorana field we can write 

f/(A)- 1 ^(x)t/(A) = D(A)^(A- 1 x) , (173) 
where, for an infinitesimal transformation, the 4x4 matrix D(A) is 

D(l+5u) = 1 + {du^S^ , (174) 



with S^ v given by eq. ()172)1 . The minus sign in front of S£ u in eq. (|172jl is 
compensated by the switch from a c t contraction in eq. ()169j) to a t c contrac- 
tion in eq. ()173J) . 



Problems 
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36.1) Using the results of problem 2.8, show that, for a rotation by an 
angle 9 about the z axis, we have 

D(A) = exp(-i9S 12 ) , (175) 

and that, for a boost by rapidity i] in the z direction, we have 

D(A) = exp{+ir]S 30 ) . (176) 



36.2) Show that D(A)YD(A) = A» vl v - 
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37: Canonical Quantization of Spinor Fields I 

Prerequisite: 36 



Consider a left-handed Weyl field tp with lagrangian 

L = i^a^ip - im(# + • (177) 

The canonically conjugate momentum to the field ip a ( x ) is then 

<9L 



7T a (x) 



d{d ^ a {x)) 

i4(x)° 0ha • (178) 



[Here we have glossed over a subtlety about differentiating with respect to 
an anticommuting object; we will take up this topic in section 44, and here 
simply assume that eq. (jl78j) is correct.] The hamiltonian is 

n = 7i a d Q ^ a - l 

= i4a 0&a i> a - L 

= -i^^dii) + |m(# + VV) • (179) 
The appropriate canonical anticommutation relations are 

{VaCM), Vc(y,*)} = o, 

{^(x,t),7r c (y,t)} = i5 a c 5\*-y) . (180) 
Substituting in eq. (|178|) for n c , we get 

{^(x,t),^(y,t)}a°- = 5 a c 5 3 (x- y ) . (181) 
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Then, using cr° = a = I, we have 

{^(x,t),^(y,t)} = ( x a V 3 (x-y) , (182) 

or, equivalently, 

{^ a (x, t), ^(y, t)} = a 0da 5 3 (x - y) . (183) 

We can also translate this into four-component notation for either a Dirac 
or a Majorana field. A Dirac field is defined in terms of two left-handed Weyl 
fields x an d £ via 

* = &[3=(e,xl), (185) 



We also define 
where 



/ 5 & & \ 

P=[ . (186) 

W J 



The lagrangian is 

L = ix^dyx + i^^d^ - m{xi + £V) 
= Mj^d^ - mW . (187) 

The fields x an d £ each obey the canonical anticommutation relations of 
eq. ([180)1 . This translates into 

{^(x,t),^(y,t)} = 0, (188) 

{* a (x,t),^(y,t)} = ( 7 ) a/3 5 3 (x-y) , (189) 

where a and /3 are four- component spinor indices, and 

7"= ( ° ^ . (190) 
\^ tac / 

Eqs. (j!88j) and ()189j) can also be derived directly from the four-component 
form of the lagrangian, eq. ([187)1 . by noting that the canonically conjugate 
momentum to the field ^ is dh/d(do^f) = i^I'j , and that (7 ) 2 = 1. 
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A Majorana field is defined in terms of a single left-handed Weyl field if) 

via 

We also define 

* = = (r, 4) • (192) 
A Majorana field obeys the Majorana condition 

* = , (193) 

where 

(s ac \ 

Ho -J (194) 

is the charge conjugation matrix. The lagrangian is 

L = iifj^a^d^ifj — \m{if}if) + ifj'if)*) 

= ity T CYd^ - \m^ T C^! . (195) 



The field if) obeys the canonical anticommutation relations of eq. ()180|) . This 
translates into 

{* a (x,t),^(y,t)} = (C 7 °) Q/3 5 3 (x-y) , (196) 
{v^(x,t),^(y,i)} = ( 7 %<* 3 (x-y) ) (197) 

where a and (3 are four-component spinor indices. To derive eqs. ()196)) and 
(|197|) directly from the four-component form of the lagrangian, eq. ([195)1 . 
requires new formalism for the quantization of constrained systems. This is 
because the canonically conjugate momentum to the field \I> is dh/d(do^f) = 
|\I/ T C7 , and this is linearly related to \I> itself; this relation constitutes a 
constraint that must be solved before imposition of the anticommutation 
relations. In this case, solving the constraint simply returns us to the Weyl 
formalism with which we began. 
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The equation of motion that follows from either eq. (|187|) or eq. (|195|) is 
the Dirac equation, 

(-i^ + m)# = 0. (198) 

Here we have introduced the Feynman slash: given any four-vector a^, we 
define 

i = arf • (199) 

To solve the Dirac equation, we first note that if we act on it with + m, 
we get 

= (i@ + m)(-i$ + m)* 
= (^ + m 2 )* 

= (-d 2 +m 2 )^. (200) 

Here we have used 

= a,a u (-g^ + \ [f, <f\) 
= -a^a v gT + 

= -a 2 . (201) 

From eq. ()200|) . we see that \I/ obeys the Klein-Gordon equation. Therefore, 
the Dirac equation has plane-wave solutions. Let us consider a specific solu- 
tion of the form 

= u(p)e ipx + v(p)e~ ipx . (202) 

where p° = uj = (p 2 +m 2 ) 1 / 2 , and u(p) and v(p) are four- component constant 
spinors. Plugging eq. (|202|) into the eq. (|198|) . we get 

(jrf + m)u{p)e ipx + {-i> + m)v{p)e- ipx = . (203) 

Thus we require 

+ m)u{p) = , 
(-tf + m)v(p) = . (204) 
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Each of these equations has two linearly independent solutions that we will 
call u±(p) and u±(p); their detailed properties will be worked out in the next 
section. The general solution of the Dirac equation can then be written as 



= £ dp 6.(p)« - (p) e ** + dJ(p)T;.(p) e -* 

s=± J 



i.p.r 



(205) 



where the integration measure is 



dp 



(2vr) 3 2o; 



(206) 
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38: Spinor Technology 
Prerequisite: 37 



The four-component spinors u s (p) and v s (p) obey the equations 

($ + m)u s (p) = , 
(-tf + m)v s (p) = 0. (207) 

Each of these equations has two solutions, which we label via s = + and 
s = — . For m ^ 0, we can go to the rest frame, p = 0. We will then 
distinguish the two solutions by the eigenvalue of the spin matrix 

S z = \[l\l 2 ] = hl l l 2 ={ ¥ " ^ V (208) 



o°"3. 



Specifically, we will require 



S z u ± (0) = ±|«±(0) , 

S z v ± (0) = Tlv±(0) . (209) 
The reason for the opposite sign for the v spinor is that this choice results in 



[J*, 4(0)] = ±|4(0), 

[J 2 ,4(0)] = ±|4(0), (210) 



so that b+(0) and d+(0) each creates a particle with spin up along the z axis. 
For p = 0, we have = — m7°, where 

:)■ 
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Eqs. (J2(J7|) and (|2(J9|) are then easy to solve. Choosing (for later convenience) 
a specific normalization and phase for each of u±(0) and v±(0), we get 



m + (0) = \fm 




1 



U-(0) = y/m 



v + (0) = \fm 



( \ 
1 



v-iy 



For later use we also compute the barred spinors 



where 



satisfies 



We get 



^ = ft = /r 1 = p . 



f_(0) = y/m 



1 





1 

V o y 



u+(0) =Vm(l, 0, 1, 0) , 
m_(0) = Vrn{0, 1, 0, 1) , 
v + (0) = V^(o, -l, 0, 1) , 
U_(0) = y/m(l, 0, -1, 0) . 



(212) 



(213) 

(214) 
(215) 



(216) 



We can now find the spinors corresponding to an arbitrary three-momentum 
p by applying to u s (0) and v s (0) the matrix D(A) that corresponds to an 
appropriate boost. This is given by 



D(A) = exp(z?7p-K) 



(217) 
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where p is a unit vector in the p direction, = |[7 J ', 7 ] = §7' 7 7 is the 
boost matrix, and i] = sinh _1 (|p|/m) is the rapidity (see problem 2.8). Thus 
we have 

u s (p) = exp(i?7p-K)u s (0) , 

v s (p) = exp(z77p-K)u s (0) . (218) 

We also have 

u s (p) = u s (0) exp(-irjp-K) , 

v s (p) = v.(0) exp(-tr] p-K) . (219) 

This follows from K$ = K\ where for any general combination of gamma 
matrices, 

A = (3A^(3 . (220) 

In particular, it turns out that 

r = 7 M , 



ij5 = ijs , 



7 M 75 = 7 M 75 



i l5 S^ = i lh S^ . (221) 

The barred spinors satisfy the equations 

u s {p){tf + m) = , 
v s (p)(-tf + m) = 0. (222) 

It is not very hard to work out u s (p) and v s (p) from eq. ()218|) . but it is 
even easier to use various tricks that will sidestep any need for the explicit 
formulae. Consider, for example, u s >(p)u s (p); from eqs. (|218|) and (|219|) . 
we see that u s i(p)u s (p) = u s /(0)u s (0), and this is easy to compute from 
eqs. (J212J) and (J2IHJ). We find 

u s '(p)u s (p) = +2m5 s > s , 
?v(pH(p) = -2m<5 s / s , 
u s >(p)v s (p) = , 

TV(PK(P) = • (223) 
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Also useful are the Gordon identities, 

2muAp')Yu s (p) = u s/ (p)[(p+Pr-2tS^(p , -p) l/ ]u s (p) , 
-2m^(p')7^(p) = v s ,(p')[(p'+pY ~ 2iS^(p'-p) u ]v s (p) . (224) 
To derive them, start with 

= -pi* - 2iS^p u . (225) 

Similarly, 

= -p'» + 2iS^p' v . (226) 

Add eqs. (122 5 j) and (|22(jjl . sandwich them between u' and u spinors (or v' 
and v spinors), and use eqs. ()207|) and ()222|) . An important special case is 
p' = p; then, using eq. (|223|) . we find 



J S' S ; 



u s ,(p)^u s (p) = 2p' x 8 s 
Mp)t^(p) = 2 P^s>s ■ (227) 
With a little more effort, we can also show 

MphV(-p) = , 

Mp)tV(-p) = . (228) 

We will need eqs. (1227(1 and ()228() in the next section. 

Consider now the spin sums J2 S =± u s (p)u s (p) and J2 S =± v s{p)v s (p), each 
of which is a 4 x 4 matrix. The sum over eigenstates of S z should remove any 
memory of the spin-quantization axis, and so the result should be expressible 
in terms of the four-vector p^ and various gamma matrices, with all vector 
indices contracted. In the rest frame, p 1 = —7717°, and it is easy to check that 
J2 S =± u s{0)u s (0) = m7° + m and J2 S =± v s (0)v s (0) = m 7 ° — m. We therefore 
conclude that 

u s (p)u s (p) = + m , 

s=± 

5>.(p)S7 a (p) = -i-m. (229) 

s=± 
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We will make extensive use of eq. (|229|) when we calculate scattering cross 
sections for spin-one-half particles. 

From eq. ()229|) . we can get u + (p)tt + (p), etc, by applying appropriate spin 
projection matrices. In the rest frame, we have 

l(l + 2sS z )u s ,(0) = <WMo) , 

|(1 - 2sS z )v s r{0) = 5 ss ,V s r{0) . (230) 

In order to boost these projection matrices to a more general frame, we first 
recall that 

75 = i 7 V 7 2 7 3 = ^~ Y (231) 

This allows us to write S z = § 7 1 7 2 as S z = — 1 7 5 7 3 7 °. In the rest frame, we 
can write 7 ° as —rf/m, and 7 3 as jt, where z^ = (0, z); thus we have 

Sm = ■ ( 232 ) 

Now we can boost S z to any other frame simply by replacing / and with 
their values in that frame. (Note that, in any frame, z^ satisfies z 2 = 1 and 
z-p = 0.) Boosting eq. (|23U|) then yields 

|(1 -S 75 ^)?v(p) = 5 ss /M s /(p) , 

|(1 - s 75 ^)?v(p) = 5 SS > v s i(p) , (233) 

where we have used eq. (I207j) to eliminate tf. Combining eqs. f)229j) and ()233|) 

we get 

M s (p)U s (p) = |(1 - s 75 ^)(-^ + m) , 

«-(p)v.(p) = |(1 - *75^)(-# - m) . (234) 

It is interesting to consider the extreme relativistic limit of this formula. 
Let us take the three-momentum to be in the z direction, so that it is parallel 
to the spin-quantization axis. The component of the spin in the direction 
of the three-momentum is called the helicity. A fermion with helicity +1/2 
is said to be right-handed, and a fermion with helicity —1/2 is said to be 
left-handed. For rapidity rj, we have 

^e/ 1 = (cosh??, 0, 0, sinhr/) , 
z^ = (sinh rj, 0,0, cosh 77) . (235) 



43 



The first equation is simply the definition of 77, and the second follows from 
z 2 = 1 and p-z = (along with the knowledge that a boost of a four- vector 
in the z direction does not change its x and y components). In the limit of 
large 77, we see that 

z» = ±f + 0{e-<>) . (236) 

Hence, in eq. ()234|) . we can replace f, with rf/m, and then use (p l /m)(—p l ±m) = 
=F(— y±m), which holds for p 2 = —m 2 . For consistency, we should then also 
drop the m relative to p 1 , since it is down by a factor of 0(e~ v ). We get 



u s (p)u s {p) 
v s (p)v s (p) 



|(l + «76)(- 



S7s)(-l0 • 



(237) 



The spinor corresponding to a right-handed fermion (helicity +1/2) is «+(p) 
for a 6-type particle and f_(p) for a ci-type particle. According to eq. ()237|) . 
either of these is projected by |(1 + 75) = diag(0, 0, 1, 1) onto the lower two 
components only. In terms of the Dirac field ^{x), this is the part that 
corresponds to the right-handed Weyl field. Similarly, left-handed fermions 
are projected (in the extreme relativistic limit) onto the upper two spinor 
components only, corresponding to the left-handed Weyl field. 

The case of a massless particle follows from the extreme relativistic limit 
of a massive particle. In particular, eqs. (gQZD , 4222), (El) , 4223), 4223), and 
are all valid with m = 0, and eq. ()237j) becomes exact. 



Finally, for our discussion of parity, time reversal, and charge conjugation 
in section 40, we will need a number of relationships among the u and v 
spinors. First, note that (5u s {Q) = +u s (0) and /3v s (0) = — f s (0). Also, 
pK j = -Kif3. We then have 



Us(-p) = +(3u s (p) , 
v s (-p) = -(3v s (p) . 



(238) 



Next, we need the charge conjugation matrix 



C 



( 

+ 1 


V 















\ 


+1 
/ 



(239) 



44 



which obeys 

C T = C ] = (T 1 = -C , (240) 

(3C = -C/3 , (241) 

(TVC = -(7 M ) T . (242) 

Using eqs. IjZEfl . (12TK1). and (J2SHD , we get Cu s (0) T = v s (0) and Cu s (0) T = 
u s (0). Also, eq. ()242|) implies C~ X K^C = — (1P) T . From this we can conclude 
that 

Cu s (p) T = v s (p) , 

Cv s (p) T = u s (p) . (243) 
Taking the complex conjugate of eq. ()243|) . and using u T * = v? = (3u, we get 

<(P) = C/3v a (p) , 

<(p) = C/3w s (p) . (244) 

Next, note that 75U S (0) = +st>_ s (0) and 75f s (0) = -s«_ s (0), and that 
7 5 ii' : ' = K^^. Therefore 

75« s (p) = +sw_ s (p) , 

75^(p) = -s«- s (p) • (245) 
Combining eqs. (|23%J) . (f2H)l . and (12151) results in 

M - S (-P) = -sC7 5 M s (p) , 

«-.(-p) = sC l5 v s {p) . (246) 

We will need eq. ()238|) in our discussion of parity, eq. (j243J) in our discussion 
of charge conjugation, and eq. ()246j) in our discussion of time reversal. 



Problems 

38.1) Use eq. ()218|) to compute u s (p) and v s (p) explicity. Hint: show 
that the matrix 2zpK has eigenvalues ±1, and that, for any matrix A with 
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eigenvalues ±1, e cA = (coshc) + (sinhc)A, where c is an arbitrary complex 
number. 

38.2) Verify eq. JZDJ- 

38.3) Verify eq. (12281 . 
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39: Canonical Quantization of Spinor Fields II 

Prerequisite: 38 



A Dirac field \I/ with lagrangian 

L = - 
obeys the canonical anticommutation relations 

{* a (x,t),* f) (y,t)} = 0, 
{*«(x,t),*,j(y,t)} = ( 7 W5 3 (x-y) , 
and has the Dirac equation 

(-i# + m)W = 
as its equation of motion. The general solution is 

tt(s) = J2 fdp [6.(p)«.(p)e** + dt(p)t; - (p) e - 



(247) 

(248) 
(249) 

(250) 

(251) 



where 6 s (p) and d\(p) are operators; the properties of the four-component 
spinors u s (p) and v s (p) were belabored in the previous section. 

Let us express b s (p) and d\(p) in terms of *ff(x) and ty(x). We begin with 

/ d*x e-*"*(x) = £ [^MpK'(p) + ±e^%(-p)vA-p)] ■ (252) 

J s'=± 

Next, multiply on the left by u s (p)^°, and use TZ s (p)7°-u s /(p) = 2oo5 ss > and 
^s(p)7°^s'( — p) = from section 38. The result is 



6 8 (p) = Jd 3 xe~ ipx u s (ph°y(x) 



(253) 
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Note that b s (p) is time independent. 

To get &|(p), take the hermitian conjugate of eq. ()253|) . using 



= (ar)TV(p) 
= ^(x) 7 V(p) , 

where, for any general combination of gamma matrices A, 

A = (3A^(3 . 

Thus we find 



(254) 

(255) 
(256) 



&t(p) = J d 3 x e^*(s) 7 V(p) . 
To extract rfj(p) from *&(x), we start with 

E [sbe- 2 ^M-pK(-p) + i4(PK(p)] • (257) 



s'=± 



Next, multiply on the left by f s (p)7°, and use f s (p)7°iv(p) = 2u;5 ss / and 
v s (p)l°u s '(— p) = from section 38. The result is 



rft(p) = y d 3 a;e ip:E tJ s (p)7 ^(; 



(258) 

To get d s (p), take the hermitian conjugate of eq. (|258|) . which yields 

4( p ) = / d 3 x e- ipx ^(x)^°v s (p) . (259) 



Next, let us work out the anticommutation relations of the b and d op- 
erators (and their hermitian conjugates). From eq. (|248|) . it is immediately 
clear that 



{6 s ( P ),Mp')} = 0, 

K(p),4'(p)} = o, 

{6 s (p),4(p')} = 0, (260) 
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because these involve only the anticommutator of \I/ with itself, and this 
vanishes. Of course, hermitian conjugation also yields 

{&!(p),£(p')} = o, 
{rft(p),4( p ')} = o, 

{&J(p),dy(p')} = 0. (261) 

Now consider 

{6 s (p),&;,(p')} = / rf 3 xrf 3 2 /e-^ + ^U s (p) 7 {^(x),^(i/)}7V(p / ) 
= J ^e-^>TZ s (p) 7 V7V(p') 
= (27r) 3 5 3 (p-p')U s (p)7V(p) 

= (27r) 3 <5 3 (p-p')2^ ss , . (262) 
In the first line, we are free to set x° = y° because b s (p) and bl,(p') are 



actually time independent. In the third, we used (7 ) 2 = 1, and in the 
fourth, U s (p)7°M s /(p) = 2u5 ss ,. 
Similarly, 

{dl(p),d s ,(p')} = J rfy 3 !/e iF " ip ^ s (p)7 {$(4%)}7V(p') 
= J dW^>TJ s (p) 7 %VMp') 
= (27r) 3 5 3 (p-p')l; s (p)7V(p) 

= (27r) 3 5 3 (p-p / )2^ . (263) 

And finally, 

{b s (p),dAp')} = J A^e-^-^n^ri/l^xj.fft/llTVlp') 
= J d 3 xe- i(p+p ' ):r M s (p)7 7 7 ^'(p / ) 
= (27r) 3 5 3 (p + p')H s (p)7V(-p) 

= . (264) 
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According to the discussion in section 3, eqs. (|260H264J) are exactly what we 
need to describe the creation and annihilation of fermions. In this case, we 
have two different kinds: fe-type and d-type, each with two possible spin 
states, s = + and s — — . 

Next, let us evaluate the hamiltonian 



H = d 3 x ^{-iydi + m)* 



in terms of the b and d operators. We have 

(-i 7 % + m )y =J2jdp (-ij% + m)(b s (p)u s (py px 

+ c£(pK(p)e-*» 

= E [dp [6 i (p)(+T < P» + m)u s {p)e ipx 

s=± J 

+ 4(P)(-T>i + m)v s (p)e- ipx 
= E [dp f6.(p)(7°wK(p)e < 



s=± 



ipx 



+ dl(p)(-j u)v s (p)e 



-ipx 



Therefore 



H = Y,j dp dp' d\ (b\,{p')u s ,{p')e- ip ' x + d s ,(p')vAp')e ip ' x 
x u (b s (ph°u s (p)e ipx - dt(p) 7 V(p)e- ipa; 



E / dp dp' d 3 xu[ &;,(p> s (p) Mp'hV(p) e^'"^ 

- £(p')4(p) Mp'hV(p) e~^ l+p > 

+ dAp'Mp) Mp')tV(p) e+w +p > 

- d s ,(p')dt(p) MpOtVp) eW-** 

J2jdp §[&1(p)Mp) MPhV(p) 

- 6t("P)d£(p) M-p)A.(p) e+ 2 ^ 
+ ^(-p)& s (p) <v(-PhV(p) e" 2 ^ 



(265) 



(266) 
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- 4'(p)4(p) MphV(p 
= J2 d P u [ & I(p)^(p) - d s(p)d\(p 

s J 

Using eq. ()263|) . we can rewrite this as 



H=Y, dP 00 \ 6 *(p)Mp) + ^(P)^(P) 1 - ^oV 



(267) 



(268) 



where So = | / d 3 k uj is the zero-point energy per unit volume that we found 
for a real scalar field in section 3, and V = (2n) 3 S 3 (0) = J d 3 x is the vol- 
ume of space. That the zero-point energy is negative rather than positive is 
characteristic of fermions; that it is larger in magnitude by a factor of four is 
due to the four types of particles that are associated with a Dirac field. We 
can cancel off this constant energy by including a constant term — 4£o in the 
original lagrangian density; from here on, we will assume that this has been 
done. 

The ground state of the hamiltonian ()268)1 is the vacuum state |0) that 
is annihilated by every b s (p) and d s (p), 



Mp)|o> = 4(p)|o> = o 



(269) 



Then, we can interpret the b\(p) operator as creating a b- type particle with 
momentum p, energy uj = (p 2 + m 2 ) 1//2 , and spin S z = |s, and the d\(p) 
operator as creating a <i-type particle with the same properties. The 6-type 
and d-type particles are distinguished by the value of the charge Q = J d 3 x j°, 
where = sE^vl/ is the Noether current associated with the invariance of L 
under the U(l) transformation $ — > e~ ta ^, ^ — > e +m \l/. Following the same 
procedure that we used for the hamiltonian, we can show that 



Q = J d 3 x ^7°^ 

= £ [dp\bl(p)b s (p)+d s (p)dl(p) 



s=± 



£ dp \bl(p)b s (p) - d\(p)d s (p) 

s=± J 



+ constant ; 



(270) 



Thus the conserved charge Q counts the total number of 6-type particles 
minus the total number of <i-type particles. (We are free to shift the overall 
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value of Q to remove the constant term, and so we shall.) In quantum 
electrodynamics, we will identify the 6-type particles as electrons and the 
o?-type particles as positrons. 

Now consider a Majorana field \& with lagrangian 



L = ^ T C0 - \m^ T C^ 



(271) 



The equation of motion for \1/ is once again the Dirac equation, and so the 
general solution is once again given by eq. (j251|) . However, ^ must also obey 
the Majorana condition \1/ = C\l/ T . Starting from the barred form of eq. (|251j) . 



= £ dp 6!(p)w.(p)e-*» + d s (p)v s (p)e^ 



(272) 



s=± 

we have 

CW(x) = J2 [dp [bt(p)Cu T Me- ipx + d s (p)Cv*Me im 

s=± J 

From section 38, we have 

Cu s (p) T = v s (p) , 
Cv s {p) T = u s (p) , 

and so 

CW(x) = J2 [dp [bt(p)v s (p)e~ tpx + d s (p)u s (p)e^' . 

s=± J 

Comparing eqs. ()251|) and ()275|) . we see that we will have ^ = C\l/ T if 

d s (p) = b s (p) 

Thus a free Majorana field can be written as 

*(x) = £ [dp f6.(p)«.(p)e*- + 6l(p)t;.(p)e- 4 - 



(273) 



s=± 



ipx 



The anticommutation relations for a Majorana field, 

{* a (x,t),*f,(y,t)} = (C 7 °) Q/3 5 3 (x-y) 
{^(x,t),^(y,t)} = ( 7 °) Q/3( 5 3 (x- y ) , 



(274) 
(275) 

(276) 
(277) 

(278) 
(279) 
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can be used to show that 



{&.(p)>Mp')} = o, 

{6 s (p),^(p')} = (27r) 3 5 3 (p-p')2^ , (280) 

as we would expect. 

The hamiltonian for the Majorana field \l/ is 

H = \Jd\ ^ T C(-iYdi + m)V 

= \J d 3 x ^{-irfdi + m)m , (281) 

and we can work through the same manipulations that led to eq. (126 7j) ; the 
only differences are an extra overall factor of one-half, and d s (p) = b s (p). 
Thus we get 

#=§E /*w[6j(p)6.(p)-6.(p)6t(p)l. (282) 



Note that this would reduce to a constant if we tried to use commutators 
rather than anticommutators in eq. (|28Ujl . a reflection of the spin-statistics 
theorem. Using eq. ()280|) as it is, we find 



H= Y, [ dpubl(p)b s (p)-2S V. (283) 

s=± J 

Again, we can (and will) cancel off the zero-point energy by including a term 
— 2£ in the original lagrangian density. 

The Majorana lagrangian has no U(l) symmetry. Thus there is no asso- 
ciated charge, and only one kind of particle (with two possible spin states). 



Problems 



39.1) Verify eq. Ij27nj) . 
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39.2) Show that 

UM-WMUiA) = 4(A- X P) , (284) 

and hence that 

U(A)\p,s,q) = \Ap,s,q) , (285) 

where 

\ P ,8,+)=bl(p)\0), 

\p,s,-) = 4(P)|0> (286) 

are single-particle states. 



54 



Quantum Field Theory 



Mark Srednicki 



40: Parity, Time Reversal, and Charge Conjugation 

Prerequisite: 39 



Recall that, under a Lorentz transformation A implemented by the uni- 
tary operator U(A), a Dirac (or Majorana) field transforms as 



[/(A)" 1 * (ar)l/(A) = L>(A)*(A-V) . 



(287) 



For an infinitesimal transformation A^ u = b^ v + 5co^ v , the matrix D(A) is 
given by 

D(l+8w) = 1 + {Su^S^ , (288) 
where the Lorentz generator matrices are 



(289) 



In this section, we will consider the two Lorentz transformations that cannot 
be reached via a sequence of infinitesimal transformations away from the 
identity: parity and time reversal. We begin with parity. 
Define the parity transformation 



V\ = {V 



/+1 



V 



-l 



-i 



-i/ 



(290) 



and the corresponding unitary operator 

P EE U(V) . 

Now we have 

P- 1 ^(x)P = D(V)^(Vx) . 



(291) 
(292) 
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(293) 



The question we wish to answer is, what is the matrix D(V)1 
First of all, if we make a second parity transformation, we get 

p- 2 V(x)P 2 = D(V) 2 V(x) , 

and it is tempting to conclude that we should have D(V) 2 = 1, so that we 
return to the original field. This is correct for scalar fields, since they are 
themselves observable. With fermions, however, it takes an even number of 
fields to construct an observable. Therefore we need only require the weaker 
condition D(V) 2 = ±1. 

We will also require the particle creation and annihilation operators to 
transform in a simple way. Because 

P _1 PP = -P , (294) 
P- L 3P = +J , (295) 

where P is the total three-momentum operator and J is the total angu- 
lar momentum operator, a parity transformation should reverse the three- 
momentum while leaving the spin direction unchanged. We therefore require 

P- 1 bl(p)P = vbl(-p), 

p- 1 dl(p)P = r ] dl(-p) , (296) 

where rj is a possible phase factor that (by the previous argument about 
observables) should satisfy rf = ±1. We could in principle assign different 
phase factors to the b and d operators, but we choose them to be the same 
so that the parity transformation is compatible with the Majorana condition 
d s (p) = b s (p). Writing the mode expansion of the free field 

= £ [dp [b s (p)u s (p)e^ + 4(pK(p)e-H , (297) 

s=± J 

the parity transformation reads 
P-^( X )P = J2 fTp[(p- 1 b s (p)P)u s (p)e^+(p- 1 dl(p)P)v s (p)e 

s=± J 



ipx 



s=± 

E 

s=± 



V *b s (-p)u s (p)e^ + V 4(-p)v s (p)e- 



ipx 



dp \rj*b s (p)u s (-p)e ipVx + r)dl(p)v s (-p)e 



—ipVx 



(298) 
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In the last line, we have changed the integration variable from p to —p. We 
now use a result from section 38, namely that 



u s (-p) = +/3u s (p) , 

w.(-p) = ~Pv s (p) , (299) 

where 

'=(!!)■ (300) 

Then, if we choose rj = —i, eq. (|298|) becomes 

P-^( X )P= £ flp\tb s (p)Pu s (p)e ipVx + idl(p)Pv s (p)e- ipVx 

s=± J 

= ip^(Vx). (301) 

Thus we see that D(V) = i(3. (We could also have chosen r\ = i, resulting in 
D(V) = —ij3; either choice is acceptable.) 

The factor of i has an interesting physical consequence. Consider a state 
of an electron and positron with zero center-of-mass momentum, 

10) = J dp Hp)bl(p)dU-p)\0) ; (302) 

here 4>(p) is the momentum-space wave function. Let us assume that the 
vacuum is parity invariant: P|0) = -P _1 |0) = |0). Let us also assume that 
the wave function has definite parity: </>(— p) = (— )^0(p). Then, applying 
the inverse parity operator on we get 

P~V> = Jdp<t ) (p)(p- 1 bl(p)P)(p- 1 dU-p)P)p- 1 \0} . 

= h) 2 [dp 0(p)&t(- p )4(p)|o) 
'^0(- P )fet(p)4(-p)lo> 

= -(-Y\<P) ■ (303) 

Thus, the parity of this state is opposite to that of its wave function; an 
electron-positron pair has an intrinsic parity of —1. This also applies to a 
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pair of Majorana fermions. This influences the selection rules for fermion 
pair annihilation in theories which conserve parity. (A pair of electrons also 
has negative intrinsic parity, but this is not interesting because the electrons 
are prevented from annihilating by charge conservation.) 

It is interesting to see what eq. (j301|) implies for the two Weyl fields that 
comprise the Dirac field. Recalling that 



Xa 



(304) 



we see from eqs. (|300|) and (|301|) that 

P- x £ & {x)P = iXa{Vx) . 



(305) 



Thus a parity transformation exchanges a left-handed field for a right-handed 
one. 

If we take the hermitian conjugate of eq. ()305j) . then raise the index on 
one side while lowering it on the other (and remember that this introduces 
a relative minus sign!), we get 



P- 1 Ux)P = i X ] \Vx) . 



(306) 



Comparing eqs. (|305|) and (|306|) . we see that they are compatible with the 
Majorana condition % a (x) = ^ a (^)- 

Next we take up time reversal. Define the time-reversal transformation 



/ —1 



r\ = (T- l y v 

and the corresponding operator 



+1 



+ 1 



•1/ 



(307) 



T = U{T) . 



(308) 
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Now we have 

T-H(x)T = D(T)V(Tx) . (309) 

The question we wish to answer is, what is the matrix D(T)7 

As with parity, we can conclude that D(T) 2 = ±1, and we will require 
the particle creation and annihilation operators to transform in a simple way. 
Because 



T -i pT 
T~ X 3T 



P 

J . 



(310) 
(311) 



where P is the total three-momentum operator and J is the total angular mo- 
mentum operator, a time-reversal transformation should reverse the direction 
of both the three-momentum and the spin. We therefore require 



T-V s (p)T = C s 6 t - s (-p) 
T- 1 dl(p)T = C s dU-p) 



(312) 



This time we allow for possible s-dependence of the phase factor, which 
should satisfy QC-s — ±1- Also, we recall from section 23 that T must be 
an antiunitary operator, so that T~ l iT = —i. Then we have 



i/px 



T-^(x)T = E / ^[(T- 1 6 s (p)r)<(p)e-^+ (T-WMTy.ip)** 



E / dp [CM-PK(PK^ + C^- s (-pK(p)eH (313) 



E / dp[CA(p)«- s (-p)e iprs + C- s 4(p)^ s (-p)e" ipTa 



s=± 



In the last line, we have changed the integration variable from p to — p, and 
the summation variable from s to —s. We now use a result from section 38, 
namely that 



U *s(-P) = -sC-f 5 u s {p) , 
v- s (-p) = sC^ 5 v s (p) . 

Then, if we choose ( s = s, eq. f!313|) becomes 

T-H(x)T = C75*(Tx) . 



(314) 



(315) 
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Thus we see that D{T) = C75. (We could also have chosen ( s = —s, resulting 
in D{T) = — C75; either choice is acceptable.) 

As with parity, we can consider the effect of time reversal on the Weyl 
fields. Using eqs. flMl . (J3T5jl . 



and 



we see that 




T-\ a {x)T = + X a (Tx) , 
T- l £}\x)T = -&(Tx) . 



(316) 
(317) 

(318) 



Thus left-handed Weyl fields transform into left-handed Weyl fields (and 
right-handed into right-handed) under time reversal. 

If we take the hermitian conjugate of eq. ()318j) . then raise the index on 
one side while lowering it on the other (and remember that this introduces 
a relative minus sign!), we get 

T-y-( x ) T = -xl(Tx) , 

T- l U*)T = ■ (319) 

Comparing eqs. (|318j) and (|319|) . we see that they are compatible with the 
Majorana condition Xa(%) = £,a(x)- 

It is interesting and important to evaluate the transformation properties 
of fermion bilinears of the form \IM\I/, where A is some combination of gamma 
matrices. We will consider A's that satisfy A = A, where A = /3A^f3; in this 
case, tyAfy is hermitian. 

Let us begin with parity transformations. From \1/ = ^ (3 and eq. (|301|) 
we get 

P- 1 ^( X )P = -i^(Vx)/3 , (320) 
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Combining eqs. (|3U1|) and (|32(J|) we find 

P^fijA^P = #(/M/3)# , (321) 

where we have suppressed the spacetime arguments (which transform in the 
obvious way). For various particular choices of A we have 



(31(3 = 


+i, 


(3i l5 (3 = 




(3 7 °(3 = 


+7°, 


(3^(3 = 


-y , 


Pl°l 5 P = 


-7°7s , 


P-f-ytP = 


+7*75 • 



Therefore, the corresponding hermitian bilinears transform as 

p-V^Vjp = , 

P- 1 (^ 75 ^)P = -7^7*75^ , (323) 

Thus we see that and vj^y^ij/ are even under a parity transformation, 
while ^75^ and ^T^Ts 1 ^ are odd. We say that is a scalar, vl^y^ij/ is a 
vector or polar vector, ^75 \1/ is a pseudoscalar, and ^7^75 \I/ is a pseudovector 
or craa/ vector. 

Turning to time reversal, from eq. ()315|) we get 

T-^^T = ^(Tx)^C- 1 . (324) 

Combining eqs. ()315|) and ()324|) . along with T _1 AT = A*, we find 

T-^A^T = "*(7 5 C- 1 A*C7 5 )^ , (325) 

where we have suppressed the spacetime arguments (which transform in the 
obvious way). Recall that C _1 7 At C = — (7 M ) T and that C~ X ^C = 75. Also, 
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7° and 75 are real, hermitian, and square to one, while 7* is antihermitian. 
Finally, 75 anticommutes with 7^. Using all of this info, we find 

7 5 c- 1 rc 7 5 = +1 , 

7 5 C" 1 (i7 5 )*C75 = -275 , 

75C- 1 (7°)*C 7 5 = +7° , 

7 5 C- 1 ( 7 TC75 = -7* , 
75C- 1 (7°75)*C 7 5 = +7°7s , 

TsC-^tSO'Cts = -7 l 75 • (326) 

Therefore, 

T _1 (W)T = , 
T _1 (*i75*)T = -^75^ , 

T-'^^T = - T^JW-fft* ■ (327) 

Thus we see that \I/\I> is even under time reversal, while ^75^, \1>7 M \E', and 
^7^75^ are odd. 

For completeness we will also consider the transformation properties of 
bilinears under charge conjugation. Recall that 

C~ l ^{x)C = CW(x) , 

C-^{x)C = m T (x)C . (328) 

The bilinear tyAfy therefore transforms as 

C- 1 (WAV) C = <S> T CACW . (329) 

Since all indices are contracted, we can rewrite the right-hand side as its 
transpose, with an extra minus sign for exchanging the order of the two 
fermion fields. We get 

C- 1 (tfAtf)C = -^C T A T C T ^ . (330) 
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Recalling that C T = C 1 = 



— C, we have 



c 




(331) 



Once again we can go through the list: 



c-'rc = +1 , 

c-\Y) T c = -7 M , 



(332) 



Therefore, 



c- x ^)c 



+ ^«75^ 



+ #7^75^ . 



(333) 



Thus we see that and ^7^75^/ are even under charge conjugation, 

while ^7^^ is odd. For a Majorana field, this implies ^7^^ = 0. 

Let us consider the combined effects of the three transformations (C, P, 
and T) on the bilinears. From eqs. (|323jh ()327|) . and ()333|) . we have 



where we have used V^ V T U p = —5^ p . We see that and ^75 \& are both 
even under CPT, while ^7^^ and ^7^75 \I/ are both odd. These are (it turns 
out) examples of a more general rule: a fermion bilinear with n vector indices 
(and no uncontracted spinor indices) is even (odd) under CPT if n is even 
(odd). This also applies if we allow derivatives acting on the fields, since 
each factor of d u is odd under the combination PT and even under C. 




(CPT)- 1 (^^ b m)CPT 



- ^7^75^ , 



(334) 
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For scalar and vector fields, it is always possible to choose the phase 
factors in the C, P, and T transformations so that, overall, they obey the 
same rule: a hermitian combination of fields and derivatives is even or odd 
depending on the total number of uncontracted vector indices. Putting this 
together with our result for fermion bilinears, we see that any hermitian 
combination of any set of fields (scalar, vector, Dirac, Majorana) and their 
derivatives that is a Lorentz scalar (and so carries no indices) is even under 
CPT. Since the lagrangian must be formed out of such combinations, we 
have L(x) — > L(— x) under CPT, and so the action S = J d 4 xL is invariant. 
This is the CPT theorem. 



Problems 

40.1) Find the transformation properties of ^S^ty and tyiS^^^ under 
P, T, and C. Verify that they are both even under CPT, as claimed. 
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41: LSZ Reduction for Spin-One-Half Particles 
Prerequisite: 39 

Let us now consider how to construct appropriate initial and final states 
for scattering experiments. We will first consider the case of a Dirac field 
and assume that its interactions respect the U(l) symmetry that gives rise 
to the conserved current j M = and its associated charge Q. 

In the free theory, we can create a state of one particle by acting on the 
vacuum state with a creation operator: 

|p,s,+)=&t(p)|0), (335) 
\p,s,-) =dl(p)\0) , (336) 
where the label ± on the ket indicates the value of the U(l) charge Q, and 

fct(p) = J d 3 x e ipx ^(x)^°u s (p) , (337) 
4(p) = J d 3 x e ipx v s (p)~f°V(x) . (338) 

Recall that b\(p) and d\(p) are time independent in the free theory. The 
states \p, s, ±) have the Lorentz-invariant normalization 

(P, s, q\p', s', q') = (2tt) 3 2uj 5 3 (p - p') 5 SS , 5 qq , , (339) 

where u = (p 2 + m 2 ) 1 / 2 . 

Let us consider an operator that (in the free theory) creates a particle 
with definite spin and charge, localized in momentum space near pi, and 
localized in position space near the origin: 

b\ = J d 3 p Mpp^p) , (340) 
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where 



/i(p) ocexp[-(p- Pl ) 2 /4(T 2 ] 



(341) 



is an appropriate wave packet, and a is its width in momentum space. If 
we time evolve (in the Schrodinger picture) the state created by this time- 
independent operator, then the wave packet will propagate (and spread out). 
The particle will thus be localized far from the origin as t — > ±00. If we 
consider instead an initial state of the form \i) = b\b 2 \0), where pi 7^ p 2 , 
then we have two particles that are widely separated in the far past. 

Let us guess that this still works in the interacting theory. One compli- 
cation is that 6j(p) will no longer be time independent, and so b\, eq. ()340|) . 
becomes time dependent as well. Our guess for a suitable initial state for a 
scattering experiment is then 



By appropriately normalizing the wave packets, we can make = 1, and 
we will assume that this is the case. Similarly, we can consider a final state 



where p[ 7^ p' 2 , and (f\f) = 1. This describes two widely separated particles 
in the far future. (We could also consider acting with more creation operators, 
if we are interested in the production of some extra particles in the collision 
of two, or using d) operators instead of operators for some or all of the 
initial and final particles.) Now the scattering amplitude is simply given by 



We need to find a more useful expression for (f\i). To this end, let us 
note that 



i) = lim b\(t)bUt)\0) . 



(342) 



|/>= lim b\,(t)bl{t)\0) , 

t— >+oo 



(343) 



</!<>■ 



6} (-00) - b\(+oo) 




I 
I 



d 3 P fi(p) J d A xd (e ipx ^(xh°u Sl (p)) . 
d 3 p A(p) J d 4 x ^(x)( 7 °9 - Z7°/K(p)e" 
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= -/ d 3 p/i(p) J d A x^(x)( 1 °d -tYPi-tm)u Sl (p)e ipx 
= ~J d3 P MP) J A ^)(7°5 - Ydi - im)u Sl (p)e^ 
= -J d 3 ph(p) J rf 4 x^(x)(7 9o + 7^-zm) Msi (p)e^ 
= ijd 3 p /i(p) J d 4 x^(x)(+i@ + m)u s {p)e ipx u Sl {p)e ipx .(344) 

The first equality is just the fundamental theorem of calculus. To get the 
second, we substituted the definition of b\(t), and combined the d 3 x from 
this definition with the dt to get d 4 x. The third comes from straightforward 
evaluation of the time derivatives. The fourth uses + m)u s (p) = 0. The 
fifth writes ipi as d{ acting on e ipx . The sixth uses integration by parts to 
move the onto the field *&(x); here the wave packet is needed to avoid a 
surface term. The seventh simply identifies 7°<9o + 7*<9j as (j). 

In free-field theory, the right-hand side of eq. ()344|) is zero, since ty(x) 
obeys the Dirac equation, which, after barring it, reads 

^{x){+i@ + m) = . (345) 

In an interacting theory, however, the right-hand side of eq. (|344j) will not be 
zero. 

We will also need the hermitian conjugate of eq. ()344j) . which (after some 
slight rearranging) reads 

&i(+oo) - oo) 

= ijd 3 p /a(p) J d A x e~ ipx u Sl (p)(-i@ + m)V(x) , (346) 

and the analogous formulae for the d operators, 

4(-oo) - d\(+oo) 

= -if d 3 p fi(p) J d 4 x e vpx v ai (p){-i$ + m)V(x) , (347) 

dx(+oo) — d\(— oo) 

= -if d 3 p /i(p) / d A x y(x)(+ilj) + m)v Sl (p)e~ ipx . (348) 
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Let us now return to the scattering amplitude we were considering, 

(f\i) = (0|^(+oo)6 1 ,(+oo)6 t 1 (-oo)4(-oo)|0) . (349) 

Note that the operators are in time order. Thus, if we feel like it, we can put 
in a time- ordering symbol without changing anything: 

(f\i) = (0|TM+oo)M+oo)6l(-oo)4(-oo)|0) • (350) 

The symbol T means the product of operators to its right is to be ordered, 
not as written, but with operators at later times to the left of those at earlier 
times. However, there is an extra minus sign if this rearrangement involves 
an odd number of exchanges of these anticommuting operators. 

Now let us use eqs. (I344|) and (|346|) in eq. (|35Uj) . The time-ordering symbol 
automatically moves all 6j/(— oo)'s to the right, where they annihilate |0). 
Similarly, all &j(+oo)'s move to the left, where they annihilate (0|. 

The wave packets no longer play a key role, and we can take the a — > 
limit in eq. (j341|) . so that /i(p) = <5 3 (p — pi). The initial and final states 
now have a delta-function normalization, the multiparticle generalization of 
eq. ()339|) . We are left with the Lehmann-Symanzik- Zimmerman reduction 
formula for spin-one-half particles, 

(f\i) = i A J d 4 x\ d A X2 d A x\i d^xy 

x e~ ip '^ [u Sl ,(Pi>)(-0v + m)] ai , 
x e"^4 [w S2 ,(p 2 ')(-^ 2 ' +m)) a2l 

X (OlTV^ix^aA^'W^iXlWa^lO) 

x [(+i@i+m)u sl (pi)} ai e ip ^ 

x [(+i} 2 + m)u S2 (p 2 )} a2 e^ . (351) 

The generalization of the LSZ formula to other processes should be clear; 
insert a time-ordering symbol, and make the following replacements: 

^(P)in -> +i J d 4 x V(x)(+0 + m)u s (p) e +ipx , (352) 
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& s (p)out -+ +i I d 4 x e~ ipx Us{p)H@ + m)*(x) , (353) 
4(p)in ^ *> a (p)(-i# + m)#(z) , (354) 

4(p)out -i / ^ V(x)(+i} + m)v,(p) e~ lvx , (355) 

where we have used the subscripts "in" and "out" to denote t — >• — oo and 
t — >■ +oo, respectively. 

All of this holds for a Majorana field as well. In that case, d s (p) = b s (p), 
and we can use either eq. (|352j) or eq. (|354j) for the incoming particles, and 
either eq. ()353|) or eq. ()355|) for the outgoing particles, whichever is more 
convenient. The Majorana condition \I/ = \E' T C guarantees that the results 
will be equivalent. 

As in the case of a scalar field, we cheated a little in our derivation of the 
LSZ formula, because we assumed that the creation operators of free field 
theory would work comparably in the interacting theory. After performing 
an analysis that is entirely analogous to what we did for the scalar in section 
5, we come to the same conclusion: the LSZ formula holds provided the field 
is properly normalized. For a Dirac field, we must require 



(0\^(x) 


|o> 


= 0, 


(356) 




|o> 


= 0, 


(357) 


(p,s,-\V(x) 


|o> 


= v s (p)e-^ , 


(358) 




|o> 


= u s (p)e~ ipx , 


(359) 


(p,s,-\V(x) 


|o> 


= 0, 


(360) 



where (0 1 0) = 1, and the one-particle states are normalized according to 
eq. flUHJ). 

The zeros on the right-hand sides of eqs. ()357|) and ()36()|) are required by 
charge conservation. To see this, start with [Q, ^f(x)] = — ^(x), take the 
matrix elements indicated, and use Q\0) =0 and Q\p, s, ±) = ±\p, s, ±). 

The zero on the right-hand side of eq. ()356)1 is required by Lorentz in- 
variance. To see this, start with [M^,*(0)] = S'^(O), and take the ex- 
pectation value in the vacuum state |0). If |0) is Lorentz invariant (as we 
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will assume), then it is annihilated by the Lorentz generators M^ v , which 
means that we must have S M1/ (0|\l/(0)|0) = 0; this is possible for all \i and v 
only if (0|\l/(0)|0) = 0, which (by translation invariance) is possible only if 
(0|*(ar)|0> = 0. 

The right-hand sides of eqs. (J358|) and ()359|) are similarly fixed by Lorentz 
invariance: only the overall scale might be different in an interacting theory. 
However, the LSZ formula is correctly normalized if and only if eqs. (1358)1 
and (J359)) hold as written. We will enforce this by rescaling (or, one might 
say, renormalizing) ty(x) by an overall constant. This is just a change of the 
name of the operator of interest, and does not affect the physics. However, 
the rescaled *&(x) will obey eqs. ()358jl and (|H59J) . (These two equations are 
related by charge conjugation, and so actually constitute only one condition 
on 

For a Majorana field, there is no conserved charge, and we have 

(0|*(z)|0) = , (361) 
(p,s\*(x)\0) =v s (p)e- ipx , (362) 
(p,s\V(x)\0) =u s (p)e- ipx , (363) 

instead of eqs. ()356H360|) . 

The renormalization of \l/ necessitates including appropriate Z factors in 
the lagrangian. Consider, for example, 

L = iZHQVl - Z m m&-9 - \Z g g^f , (364) 

where $ is a Dirac field, and g is a coupling constant. We must choose the 
three constants Z, Z m , and Z g so that the following three conditions are 
satisfied: m is the mass of a single particle; g is fixed by some appropriate 
scattering cross section; and eq. ()358)) and is obeyed. [Eq. ()359j) then follows 
by charge conjugation.] 

Next, we must develop the tools needed to compute the correlation func- 
tions (0\T^ ail (xi') . . . $ ai (zi) . . . |0) in an interacting quantum field theory. 
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42: The Free Fermion Propagator 
Prerequisite: 39 



Consider a free Dirac field 

ttfaO = £ I dp [b s (p)u s (p)e^ + dl(p)v s (p)e-^ x 

dp' \bi,(p')u s ,(p')e- ip ' y + d s/ (p')v s ,(p'y p ' y 



s=± 



where 
and 



E 

s'=± 



6,(p)|0) = d s (p)|0) = 0, 

{6 a (p),6;,(p')} = (27r) 3 5 3 ( P - P ')2^ 
{4(P),4(P')} = (2tt) 3 5 3 ( P - p') 2w<$ M , 



(365) 
(366) 

(367) 

(368) 
(369) 



and all the other possible anticommutators between b and d operators (and 
their hermitian conjugates) vanish. 

We wish to compute the Feynman propagator 

S(x - y) aP = i(0|T*„(x)^(y)|0) , (370) 

where T denotes the time-ordered product, 

T* a (x)* p (y) ee fl(x° - y°)*o(ar)^(3/) - %° - s )*/^)*^) , (371) 

and 9(t) is the unit step function. Note the minus sign in the second term; 
this is needed because ty a (x)typ(y) = —^fp(y)^ a (x) when x° ^ y°. 

We can now compute (0\^ a (x)^ p(y)\0) and (0|\I/ ( g(?/)\l/ Q (x)|0) by insert- 
ing eqs. (j365J) and (13661) . and then using eqs. (j367H369j) . We get 
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(0|* a (x)^(j/)|0> 

= E/ ^^ , e^e- i ^n s (p) Q ^(p , )/3 (0|& s (p)&i(p')|0) 
= E/ ^^ / e^'e-^ Ms (p) Q ^(p / )/3(2vr) 3 5 3 (p-p , )2^ 

= E/ ^e <p(ie " tf) «-(p)««»(p)/3 

dp^-^i-tf+m)^. (372) 

To get the last line, we used a result from section 38. Similarly, 
(0|^,(3/)* a (aO|0) 

= E/ rfp^'e-^e^'^^^^KpO^Ol^lpO^Kp)^) 
= E/ rfp5p / e-^e ip '^ s (p) Q ^(p , ) /3 (27r) 3 5 3 (p-p')2^ 

dpe-^-^i-tf-mU. (373) 



We can combine eqs. ()372|) and ()373|) into a compact formula for the time- 
ordered product by means of the identity 

d^p e^f(p) = . _ Q /■ ~ 
(27r) 4 p z + m z — le J 

+ i6{y°-x ) / 5pe- ip(x " y) /(-p) , (374) 

where f(p) is a polynomial in p; the derivation of eq. ()374|) was sketched in 
section 8. We get 

{0l T^ xmym = lJ^e>^tl±^, (375) 
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and so 



,ip(x-y) 



+ m) a /3 
p2 _|_ m 2 _ ^ t 



(376) 



Note that S(x — y) is a Green's function for the Dirac wave operator: 
+m ) .Stx-v)* = f — e ip ^ {i + m)a ^ + 



(2vr) 4 

r A 

J (2% 



d A p i p {x-y) (P 2 + m2 )$ a*) 
(W 6 



p2 _|_ m 2 _ i e 



5\x - y)6, 



Similarly, 

S(x - y) a p(+i$ y + m)fa 



cey 



Jp(x-y) 



(377) 



{-$ + m) a p($ + m) M 



f aj 
J (2tt 



(2vr) 4 p 2 + m 2 - ie 

ip(x- y ) (P 2 + m 2 )5 ai 



5 4 (x - y)S aj . 



p2 _|_ m 2 _ ^ 



(378) 



We can also consider (0|T* a (x)* /3 (j/)|0) and (0|T^ Q (a;)^ /3 (y)|0), but it is 
easy to see that now there is no way to pair up a b with a or a d with a 
d\ and so 



(0|T* Q (x)^(?/)|0) = 0, 
(0|T* a (x)^(?/)|0) = 0. 
Next, consider a Majorana field 

¥(*) = E /® [6.(p)«.(p)e** + 6!(p)«.(p)e-* B " , 

s=± J 

*(v) = E [^(pOMpO^ + MpOMpV^ 



s'=± 



(379) 
(380) 

(381) 
(382) 



It is easy to see that (0|T^ f a (x)^ f / g(y)|0) is the same as it is in the Dirac case; 
the only difference in the calculation is that we would have 6 and fet in place 
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of d and S in the second line of eq. (|373|) , and this does not change the final 
result. Thus, 

i<0|T* a (a:)^(j/)|0) = S(x - y) af3 , (383) 

where S(x — y) is given by eq. (|376|) . 

However, eqs. ()379|) and ()380|) no longer hold for a Major ana field. In- 
stead, the Majorana condition \1> = \I/ T C, which can be rewritten as \1/ T = 
\&C _1 , implies 

i(0\T* a (x)*p(y)\0) = liOlTV^xW^ymtC- 1 )^ 

= [S(x - y)C- l U • (384) 

Similarly, using C T = C _1 , we can write the Majorana condition as \I/ T = 
C^ 1 ^/, and so 

i(0|T¥ a (z)^(y)|0) = iiC-X^QlT^ix^piyM 

= [C-'Six-y)}^. (385) 

Of course, = — C, but it will prove more convenient to leave eqs. (|384|) 
and ()385p as they are. 

We can also consider the vacuum expectation value of a time-ordered 
product of more than two fields. In the Dirac case, we must have an equal 
number of \l/'s and ^'s to get a nonzero result; and then, the \l/'s and ^l/'s must 
pair up to form propagators. There is an extra minus sign if the ordering of 
the fields in their pairs is an odd permutation of the original ordering. For 
example, 

« 2 (0|T^(x)^(y)^ 7 (^H|0) = + S(x - y) aP S{z - w) j5 

- S{x-w) a& S{z-y) lP . (386) 

In the Majorana case, we may as well let all the fields be ^'s (since we can 
always replace a \l/ with \I/ T C). Then we must pair them up in all possible 
ways. There is an extra minus sign if the ordering of the fields in their pairs 
is an odd permutation of the original ordering. For example, 

i 2 <0|T* a (o;)^(j/)* 7 (^*tf(ty)|0> = + [S(x - y^U [S(z - w)C~% 
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-[S(x-z)C x ] a7 [S(y-w)C x ]ps 

+ [S(x - w)^ 1 ]^ [S(y - z)C x \^ . 

(387) 

Note that the ordering within a pair does not matter, since 

[S(x - y)C- l U = ~[S(y - x)C-\ a . (388) 

This follows from anticommutation of the fields and eq. (J384)) ; it can also be 
proven directly using C^^C^ 1 = — (7^) T and C~ l = C T = —C. 
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43: The Path Integral for Fermion Fields 

Prerequisite: 9, 42 



We would like to write down a path integral formula for the vacuum- 
expectation value of a time-ordered product of free Dirac or Majorana fields. 
Recall that for a real scalar field with 



L = -l&tpdtf - \m 2 <p 2 



we have 



where 



(0|T^(x 1 )...|0) 



1 s 



i 8J(x\) 



...Z (J) 



j=o 



Z (J) = J Dip exp % J d^x (L + J(p) 



(389) 
(390) 
(391) 



In this formula, we use the epsilon trick (see section 6) of replacing m 2 with 
m 2 — it to construct the vacuum as the initial and final state. Then we get 



Z Q (J) = exp 
where the Feynman propagator 

A(x-y) = J 



l -Jd 4 xdSjJ(x)A(x-y)J(y) 



(392) 



d 4 k e ik{ - x - y) 



(2tt) 4 k 2 + m 2 - ie 
is the inverse of the Klein-Gordon wave operator: 

(-d 2 x +m 2 )A(x-y) = 5\x-y) . 



(393) 



(394) 



76 



For a complex scalar field with 

L = —d^cp^d^cp — m 2 i^(p 

= -cp^-d 2 + m 2 )cp - d^d^cp) , 

we have instead 

(0|TV(x0 . . . ^( yi ) . . . |o> = - ... - — 6 -— . . . z Q {j\ J) 



i SJ^(xi) i SJ(yi) 



(395) 



j=jt=o ' 
(396) 



where 



Z (J\ J) = J V<p ] V<p exp i J d A x (L + f<p + ^ J) 



exp 



% \ d i xd 4 yj\x)A(x-y)J(y) 



(397) 



We treat J and Jt as independent variables when evaluating eq. (|39fij) . 

In the case of a fermion field, we should have something similar, except 
that we need to account for the extra minus signs from anticommutation. 
For this to work out, a functional derivative with respect to an anticommut- 
ing variable must itself be treated as anticommuting. Thus if we define an 
anticommuting source T)(x) for a Dirac field, we can write 
5 



Srj(x) 
5 



dSj [v(y)^(y) + *{y)ri(y)\ = -*(x) , (398) 

dSj [rj{y)^{y) + ^(y)v(y)} = +*{x) • (399) 
arises because the S/Sr] must pass through \1/ 



5r](x) 

The minus sign in eq. 
before reaching r\. 

Thus, consider a free Dirac field with 

= -¥(-i^ + m)*. (400) 

A natural guess for the appropriate path-integral formula, based on analogy 
with eq. ()397|) . is 

(0|T* ai ( a r 1 )...* ft (j/ 1 )...|0) 

1 S . 6 
= - x - 7 \ ■ ■ ■ 1 1 ••• ZoWiV) - n 



(401) 
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where 



j V$ exp i J d 4 x (L + rp& + ^fj) 
exp z / d 4 x d 4 y rj(x)S(x — y)rj(y) , 



(402) 



and the Feynman propagator 



S(x-y) = J 



(403) 



(27r) 4 p 2 + m 2 — ze 



is the inverse of the Dirac wave operator: 



{-i$ x + m)S(x - y) = 5 4 (x - y) . 



(404) 



Note that each 5/5t] in eq. (j401|) comes with a factor of i rather than the 
usual this reflects the extra minus sign of eq. (|398j) . We treat r\ and 
r) as independent variables when evaluating eq. (j401j) . It is straightforward 
to check (by working out a few examples) that eqs. (j401H404"|) do indeed 
reproduce the result of section 42 for the vacuum expectation value of a 
time-ordered product of Dirac fields. 

This is really all we need to know. Recall that, for a complex scalar field 
with interactions specified by L 1 (^ , ip), we have 



where the overall normalization is fixed by Z(0, 0) = 1. Thus, for a Dirac 
field with interactions specified by ^), we have 



where again the overall normalization is fixed by Z(0,0) = 1. Vacuum ex- 
pectation values of time-ordered products of Dirac fields in an interacting 
theory will now be given by eq. (|4()lj) . but with Z (f], r/) replaced by Z(rj, rj). 
Then, just as for a scalar field, this will lead to a Feynman-diagram expan- 
sion for Z(f],T]). There are two extra complications: we must keep track of 




(405) 




(406) 
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the spinor indices, and we must keep track of the extra minus signs from 
anticommutation. Both tasks are straightforward; we will take them up in 
section 45. 

Next, let us consider a Majorana field with 



L = |^ T C^ - ±m^ T C# 



(407) 



A natural guess for the appropriate path-integral formula, based on analogy 
with eq. piUj) . is 



(0|TO Ql (x 1 )...|0> 



i 8r} ai (xi) 



Zo(v) 



?7=o 



(408) 



where 



Z (rj) = Jv^ exp i J d A x (L + t? t #) 



exp 



d A x d 4 y rj T (x)S(x — y)C 1 rj(y) 



(409) 



The Feynman propagator S(x — y)C 1 is the inverse of the Majorana wave 
operator C(—i$ + m): 



C(-i@ x + m)S(x - y)C- L = 5\x - y) . 



(410) 



It is straightforward to check (by working out a few examples) that eqs. ()4U8f - 
141 Op do indeed reproduce the result of section 42 for the vacuum expectation 
value of a time-ordered product of Majorana fields. The extra minus sign in 
eq. (|409|) . as compared with eq. (|402j) . arises because all functional derivative 
in eq. ()408j) are accompanied by rather than half by 1/i and half by i, as 
in eq. (I4TTTD . 
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44: Formal Development of Fermionic Path Integrals 

Prerequisite: 43 



In section 43, we formally defined the fermionic path integral for a free 
Dirac field \I/ via 



z o(v,il) = J V^V^ exp % J d A x^(i$ - m)^ + rj^ + ^r] 



cxp 



i Id xdy 7](x)S(x — y)r](y) 



(411) 



where the Feynman propagator S(x — y) is the inverse of the Dirac wave 
operator: 

(-i0 x + m)S(x-y) =8\x-y) . (412) 

We would like to find a mathematical framework that allows us to derive this 
formula, rather than postulating it by analogy. 

Consider a set of anticommuting numbers or Grassmann variables ipi that 
obey 

M,^} = 0, (413) 

where % = 1, . . . , n. Let us begin with the very simplest case of n = 1, and 
thus a single anticommuting number ip that obeys ip 2 = 0. We can define a 
function f{jp) of such an object via a Taylor expansion; because ip 2 = 0, this 
expansion ends with the second term: 



/(V>)=a + #. 



(414) 



The reason for writing the coefficient b to the right of the variable will 
become clear in a moment. 
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Next we would like to define the derivative of f{ip) with respect to if). 
Before we can do so, we must decide if f(ip) itself is to be commuting or an- 
ticommuting; generally we will be interested in functions that are themselves 
commuting. In this case, a in eq. (J414)) should be treated as an ordinary 
commuting number, but b should be treated as an anticommuting number: 
{b, b} = {b, if)} = 0. In this case, f{ip) = a + if)b = a — hp. 

Now we can define two kinds of derivatives. The left derivative of f(if>) 
with respect to if) is given by the coefficient of if) when f{if>) is written with 
the if) always on the far left: 

<V(V0 = +b ■ (415) 

Similarly, the right derivative of f{ip) with respect to if) is given by the coef- 
ficient of if) when f(if)) is written with the if) always on the far right: 

/(^ = -b . (416) 

Generally, when we write a derivative with respect to a Grassmann variable, 
we mean the left derivative. However, in section 37, when we wrote the 
canonical momentum for a fermionic field if) as it = <9L/ d(doip) , we actually 
meant the right derivative. (This is a standard, though rarely stated, conven- 
tion.) Correspondingly, we wrote the hamiltonian density as TC = irdoip — L, 
with the d()if> to the right of n. 

Finally, we would like to define a definite integral, analogous to integrating 
a real variable x from minus to plus infinity. The key features of such an 
integral over x (when it converges) are linearity, 

/+oo f+OO 
dxcf{x) = c dxf(x), (417) 
-oo J — oo 

and invariance under shifts of the dependent variable x by a constant: 

/-(-oo r+oo 
dxf(x + a)= / dxf(x) . (418) 
-oo J — oo 

Up to an overall numerical factor that is the same for every f(ip), the only 
possible nontrivial definition of / dip f{ip) that is both linear and shift invari- 
ant is 

JdiPf(if;)=b. (419) 
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Now let us generalize this to n > 1. We have 

/(V>) = a + V>A + \Ax^h c hi2 + ■■■ + ■ ■ ■ ^i n d h...i n , (420) 

where the indices are implicitly summed. Here we have written the coef- 
ficients to the right of the variables to facilitate left-differentiation. These 
coefficients are completely antisymmetric on exchange of any two indices. 
The left derivative of f{ip) with respect to if>j is 

= h 3 + ^i C Ji + ■■■ + (^1)7^2 • • • Andm-in • ( 421 ) 

Next we would like to find a linear, shift-invariant definition of the integral 
of f(ip)- Note that the antisymmetry of the coefficients implies that 

d h ... in =de n ... ln . (422) 

where d is a just a number (ordinary if / is commuting and n is even, Grass- 
mann if / is commuting and n is odd, etc.), and e^...^ is the completely 
antisymmetric Levi-Civita symbol with £i... n = +1. This number d is a can- 
didate (in fact, up to an overall numerical factor, the only candidate!) for 
the integral of f(ip): 

j dy>f(^) = d. (423) 

Although eq. (|423j) really tells us everything we need to know about / cffy>, 
we can, if we like, write dlhp = dip n . . .dipt (note the backwards ordering), 
and treat the individual differentials as anticommuting: {dipi,dijjj} = 0, 
{dipi,ipj} = 0. Then we take J dtpi = and / dipi?pj = Sy as our basic 
formulae, and use them to derive eq. ()423|) . 

Let us work out some consequences of eq. ()423j) . Consider what happens 
if we make a linear change of variable, 

V>i = J*M > (424) 

where Jji is a matrix of commuting numbers (and therefore can be written 
on either the left or right of ipj). We now have 

f^) = a + ... + ±{J hh y h ) • • • (Ji^Je^iJ . (425) 
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Next we use 

£ ii—i„Jiiji ■ ■ ■ Jinjn = (det J)£j 1 ...j„ i 
which holds for any n x n matrix J, to get 

fty) = a + ... + ^ . . . f in£il ... in (det J)d . 

If we now integrate f(ip) over dy, eq. ()423|) tells us that the result is (det J)d. 
Thus, 

" dy /(^) = (det J)' 1 f dy . (428) 



(426) 
(427) 



Recall that, for integrals over commuting real numbers X{ with Xi = JijXj, 
we have instead 



cTxf(x) = (det J) +1 / d n x' f(x) 



(429) 



Note the opposite sign on the power of the determinant. 

Now consider a quadratic form ip^Mip = ipiMijipj, where M is an anti- 
symmetric matrix of commuting numbers (possibly complex). Let's evaluate 
the gaussian integral / dJhjj ex.Y>(\il) T Mip) . For example, for n = 2, we have 



M 



+m ' 
-m 



and tp T Mip = 2m^i^ 2 - Thus exp(|?/> T M-?/>) = 1 + rmpiipz, and so 



dy exp(i^ T M^) = m . 



(430) 



(431) 



For larger n, we use the fact that a complex antisymmetric matrix can be 
brought to a block-diagonal form via 

/ +mt \ 



U T MU 



-mi 







V 



(432) 



where U is a unitary matrix, and each mj is real and positive. (If n is odd 
there is a final row and column of all zeroes; from here on, we assume n is 
even.) We can now let ipi — Uijipj] then, we have 



n/2 



dy exp(i^ T M^) = {detU)- 1 [] / dfyz exp(i^ T M/^) 



7=1 



(433) 
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where Mj represents one of the 2x2 blocks in eq. (|432j) . Each of these 
two-dimensional integrals can be evaluated using eq. (j431|) . and so 

/ dy exp(^ T Mtfj) = (det U)' 1 J] mi . (434) 



1=1 



Taking the determinant of eq. (|432|) . we get 



n/2 

(det U) 2 (det M) = ]J mj . (435) 
i=i 



We can therefore rewrite the right-hand side of eq. ()434|) as 

dy exp(|V T MV) = (det M) 1/2 . (436) 



In this form, there is a sign ambiguity associated with the square root; it is 
resolved by eq. ()434|) . However, the overall sign (more generally, any overall 
numerical factor) will never be of concern to us, so we can use eq. ()436j) 
without worrying about the correct branch of the square root. 

It is instructive to compare eq. (j436j) with the corresponding gaussian 
integral for commuting real numbers, 

J d n x exp(-|a; T Mx) = (2vr) n / 2 (det M)~ 1//2 . (437) 

Here M is a complex symmetric matrix. Again, note the opposite sign on 
the power of the determinant. 

Now let us introduce the notion of complex Grassmann variables via 

X = 73(^1 + ^2) , 

X= 73(^1 -#2). (438) 

We can invert this to get 

ftpi\ x (I 1 \ (x\ 



.1P2) \ i -i J V X . 



(439) 



The determinant of this transformation matrix is — i, and so 

dfy = dV> 2 #i = {-iY l dxdx ■ (440) 
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Also, ipifa — —iXX- Thus we have 

j d X dxxX = H)H) -1 J - #2#i^M>2 = 1 • (441) 
Thus, if we have a function 

fix, X) = a + xb + Xc + XXd, (442) 

its integral is 

Jd X dxf(x,X) = d. (443) 

In particular, 

J d xdx exp(mxx) = rn . (444) 

Let us now consider n complex Grassmann variables x% an d their complex 
conjugates, x%- We define 

^ dTx = dXndXn ■ ■ ■ dx\dX\ • (445) 

Then under a change of variable, Xi — JijX'j an d Xi — KijXp we have 

d n x d n x = (det J)" 1 (det K)~ l d n X ' d n x' . (446) 

Note that we need not require = J*j, because, as far as the integral is 
concerned, it is does not matter whether or not x% is the complex conjugate 
of Xi- 

We now have enough information to evaluate / d^d^x exp(x'M%), where 
M is a general complex matrix. We make the change of variable X = U X ' 
and x = X V ■> where U and V are unitary matrices with the property that 
VMU is diagonal with positive real entries to,. Then we get 

/ d n xd n xeMx ] M X ) = (detf/r^detVT 1 !] / d Xi dXi exp(m i XiX<) 
J i=i J 

n 

= (det U)- 1 (det V)~ 1 J{m i 

i=i 

= det M . (447) 
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This can be compared to the analogous integral for commuting complex 
variables z% = (xi + iyi)/\/2 and z = (xi — M/j)/\/2, with d n z d n z = d n xd' n y, 
namely 

j d n z d n z exp{-z j Mz) = (2?r) ri (det M f 1 . (448) 

We can now generalize eqs. ()436j) and ()447j) by shifting the integration 
variables, and using shift invariance of the integrals. Thus, by making the 
replacement ip — > ip — M -1 ^ in eq. (j43fi)l . we get 

J d'y exp(|^ T M^ + V T *P) = (det M) 1/2 exp(|^ T M' l 7]) . (449) 

(In verifying this, remember that M and its inverse are both antisymmetric.) 
Similarly, by making the replacements x ~^ X ~ M~ lq t] and \^ ~ * X* ~ M~ l 
in eq. (|447|) . we get 

J d\ d\ exp(x t Mx + V^X + X ] V) = (det M) exp(-?] t M" 1 r/) . (450) 

We can now see that eq. (|411|) is simply a particular case of eq. ()45(J|) . 
with the index on the complex Grassmann variable generalized to include 
both the ordinary spin index a and the continuous spacetime argument x of 
the field ^ a (x). Similarly, eq. (j409J) for the path integral for a free Majorana 
field is simply a particular case of eq. (j449J) . In both cases, the determinant 
factors are constants (that is, independent of the fields and sources) that we 
simply absorb into the overall normalization of the path integral. We will 
meet determinants that cannot be so neatly absorbed in sections 53 and 70. 
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45: The Feynman Rules for Dirac Fields and Yukawa Theory 

Prerequisite: 10, 13, 41, 43 



In this section we will derive the Feynman rules for Yukawa theory, a 
theory with a Dirac field \l/ (with mass m) and a real scalar field •p (with 
mass M), interacting via 

Li = gipfyty , (451) 

where g is a coupling constant. In this section, we will be concerned with 
tree-level processes only, and so we omit renormalizing Z factors. 

In four spacetime dimensions, tp has mass dimension [tp] = 1 and ^ 
has mass dimension [ty] = |; thus the coupling constant g is dimensionless: 
[g] = 0. As discussed in section 13, this is generally the most interesting 
situation. 

Note that Li is invariant under the U(l) transformation ^ — > e~' ia ^, as 
is the free Dirac lagrangian. Thus, the corresponding Noether current vE^vj/ 
is still conserved, and the associated charge Q (which counts the number of 
6-type particles minus the number of ci-type particles) is constant in time. 

We can think of Q as electric charge, and identify the 6-type particle 
as the electron e~, and the ci-type particle as the positron e + . The scalar 
particle is electrically neutral (and could, for example, be thought of as the 
Higgs boson; see Part III). 

We now use the general result of sections 9 and 43 to write 



Z(r), 77, J) oc exp 
where 



ig J d A x I - 



1 5 



5 



1 S 



z o{v,v) = exp 



8J(x) J\ 8r) a (x) J\i 8r) a {x) i 



d 4 xd 4 y rj(x)S(x — y)r)(y) 



Z (r],r])Z (J) , 
(452) 

(453) 
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Zo(J) 




(454) 



and 



S(x 



») = / 
») = / 



(455) 



A(x 



(27r) 4 p 2 + m 2 — ie 
d A k e *H*-v) 



(456) 



(2vr) 4 k 2 + M 2 - 



are the appropriate Feynman propagators for the corresponding free fields. 
We impose the normalization Z(0, 0,0) = 1, and write 



Then iW(jj, rj, J) can be expressed as a series of connected Feynman diagrams 
with sources. 

We use a dashed line to stand for the scalar propagator ^A(s — y), and 
a solid line to stand for the fermion propagator hS(x — y). The only allowed 
vertex joins two solid lines and one dashed line; the associated vertex factor 
is ig. The blob at the end of a dashed line stands for the ip source i J dftx J(x), 
and the blob at the end of a solid line for either the \& source i J d 4 xfj(x), or 
the \& source i J d A xr](x). To tell which is which, we adopt the "arrow rule" 
of problem 9.3: the blob stands for i J d 4 xr)(x) if the arrow on the attached 
line points away from the blob, and the blob stands for % J d 4 xr](x) if the 
arrow on the attached line points towards the blob. Because Li involves one 
^ and one ^, we also have the rule that, at each vertex, one arrow must 
point towards the vertex, and one away. The first few tree diagrams that 
contribute to iW(rj, r], J) are shown in fig. (JTJ). We omit tadpole diagrams; as 
in ip 3 theory, these can be cancelled by shifting the ip field, or, equivalently, 
adding a term linear in (p to L. The LSZ formula is valid only after all tadpole 
diagrams have been cancelled in this way. 

The spin indices on the fermionic sources and propagators are all con- 
tracted in the obvious way. For example, the complete expression corre- 
sponding to fig. ©(b) is 



Z (V, V, J) = exp\iW (rj, i], J)] . 



(457) 




SS 






(a) (b) 
> ■ > ■ > • • > 



(c) (d) 

Figure 1: Tree contributions to iW(rj, r], J) with four or fewer sources. 
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x rj(x)S(x — y)S(y — z)rj(z) 
xA(y-w)J(w). (458) 



Our main purpose in this section is to compute the tree-level amplitudes 
for various two-body elastic scattering processes, such as e~f — > e~ip and 
e + e~ — > ipip; for these, we will need to evaluate the tree-level contributions to 
connected correlation functions of the form (0|T\l/\l/<£><^|0)c- Other processes 
of interest include e~e" — > e~e - and e + e~ — > e + e~; for these, we will need 
to evaluate the tree-level contributions to connected correlation functions of 
the form (0|TtfW$|0) c . 

For (0|T\E'\l/(^(/?|0)c, the relevant tree-level contribution to iW(rj, r], J) is 
given by fig. (HJ)(d). We have 



(0|Ttt a (aO*,K2/M*iM^)|0>c 

- — : — -iW (n. n.J)_ 

ri=ri=J=0 



-iW(r},r],J) 



iSt] a (x) 5r)p(y) iSJfa) i5J(z 2 

= (i) 5 (^) 2 |dVrfV 

x [S(x-w 1 )S(wi-w 2 )S(w 2 -y)] a p 
x A(z 1 -w 1 )A(z 2 -w 2 ) 

+ (zi <-> z 2 ) + 0(g 4 ) . (459) 

The corresponding diagrams, with sources removed, are shown in fig. (j2J. 

For (0|T\I/\I/\I/\[ / |0)c, the relevant tree-level contribution to iW(rj,r], J) is 
given by fig. ©(c), which has a symmetry factor 5 = 2. We have 



|T* ai (a; 1 )^ 1 ( 2 / 1 )^ 2 (x 2 )^ 2 (y 2 )|0)c 
15 5 15 5 



i6r) ai (xi) Srjp^yt) i 5rj a2 (x 2 ) Srjp 2 (y 2 



iW{rj,T},J)_ (.460) 



ri=ri=J=0 



The two 7] derivatives can act on the two 77's in the diagram in two different 
ways; ditto for the two rj derivatives. This results in four different terms, 
but two of them are algebraic duplicates of the other two; this duplication 
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> 



> 
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> 



> 



Z2 



Z2 



Figure 2: Diagrams corresponding to eq. 



cancels the symmetry factor (which is a general result). We get 
(0|T* ai (x 1 )%(y 1 )* a2 (x 2 )%( 2 / 2 )|0) c 
= (f) 5 {igf j "dVcfV, 

x A(wi— iu 2 ) 

X [S'(x 2 -W 2 )5'(w2-2/2)]a 2/ 3 2 

-((ift,A)~(jfe,ft)) + O(0 4 )- 



(461) 



The corresponding diagrams, with sources removed, are shown in fig. (|3*|). 
Note, however, that we now have a relative minus sign between the two 
diagrams, due to the anticommutation of the derivatives with respect to rj. 
The general rule is this: there is a relative minus sign between any two 
diagrams that are identical except for a swap of the position and spin labels 
between two external fermion lines. 

Let us now consider a particular scattering process: e~ip — > e~tp. The 
scattering amplitude is 



(f\i) = (0|Ta(k')out& s '(p')o 
Next we use the replacements 



{p)- m a\k) m |0> . 



m)u s (p) e 



-i mi 



(462) 



(463) 
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W 2 



x 2 
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w 2 



> 



Figure 3: Diagrams corresponding to eq. (|461|) . 

Mp'W -> i / A e"^ Mp')H0 + (a:) , (464) 

o^k)^ -> % J d% e +ikzi (-d 2 + m 2 )<p( Zl ) , (465) 

a(k')out -> i / A* e" lfc ' Z2 (-9 2 + m 2 V(z 2 ) . (466) 

We substitute these into eq. ()462|) . and then use eq. (|459jl . The wave oper- 
ators (either Klein-Gordon or Dirac) act on the external propagators, and 
convert them to delta functions. After using eqs. ()455|) and ()456|) for the 
internal propagators, all dependence on the various spacetime coordinates is 
in the form of plane-wave factors, as in section 10. Integrating over the inter- 
nal coordinates then generates delta functions that conserve four-momentum 
at each vertex. The only new feature arises from the spinor factors u s (p) 
and u s >(p'). We find that u s (p) is associated with the external fermion line 
whose arrow points towards the vertex, and that u s >(p') is associated with 
the external fermion line whose arrow points away from the vertex. We can 
therefore draw the momentum-space diagrams of fig. ({4*|). and write down the 
associated tree-level expression for the e~(p — > e~<p scattering amplitude, 



vP 



— p 1 — k 1 + m —p 1 + ft + m 



—s + m z 



—u + w? 



UsKP) 



(467) 



where s = — (p + k) 2 and u = —(p — k') 2 . (We can safely ignore the ze's in the 
propagators, because their denominators cannot vanish for any physically 
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p p+k p' p p-k f p' 

> ■ > I > > i > i > 



Figure 4: Diagrams for e (p — > e (p, corresponding to eq. ()467|) . 

allowed values of s and u.) We will see how to turn this into a more useful 
expression in section 46. 

Next consider the process e + <£> — > e + ip. We now have 

(f\i) = (OlTatkOout^P') out^ s (p)iii a 

(k) in |0) . (468) 

The relevant replacements are 

4(P)« d * x e+ipx v>(p)(-tf + m)V(x) , (469) 

^(P')out - -i J d\ V(y)(+i$> + m)tv(p') e-*" , (470) 

^(k);, -> i /" d 4 ^ e +ifczi (--9 2 + ™ 2 M^i) , (471) 

a(k') out - ^ | rf 4 ^ 2 e~ ikZ2 (-d 2 + m 2 )^) . (472) 



We substitute these into eq. (J468J), and then use eq. (|459|) . This ultimately 
leads to the momentum-space Feynman diagrams of fig. ©. Note that we 
must now label the external fermion lines with minus their four-momenta; 
this is characteristic of d-type particles. (The same phenomenon occurs for a 
complex scalar field; see problem 10.1.) Regarding the spinor factors, we find 
that — v s (p) is associated with the external fermion line whose arrow points 
away from the vertex, and — v s >(p') with the external fermion line whose 
arrow points towards the vertex. The minus signs attached to each v and 
v can be consistently dropped, however, as they only affect the overall sign 
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Figure 5: Diagrams for e + <£> — > e + (p, corresponding to eq. ([473)1 . 

of the amplitude (and not the relative signs among contributing diagrams). 
The tree-level expression for the e + (p — > e + ip amplitude is then 



where again s = — (p + k) 2 and u = — (p — k') 2 . 

After working out a few more of these (you might try your hand at some 
of them before reading ahead), we can abstract the following set of Feynman 
rules. 

1) For each incoming electron, draw a solid line with an arrow pointed 
towards the vertex, and label it with the electron's four-momentum, p,. 

2) For each outgoing electron, draw a solid line with an arrow pointed 
away from the vertex, and label it with the electron's four-momentum, p[. 

3) For each incoming positron, draw a solid line with an arrow pointed 
away from the vertex, and label it with minus the positron's four-momentum, 



4) For each outgoing positron, draw a solid line with an arrow pointed 
towards the vertex, and label it with minus the positron's four-momentum, 



5) For each incoming scalar, draw a dashed line with an arrow pointed 
towards the vertex, and label it with the scalar's four-momentum, fcj. 

6) For each outgoing scalar, draw a dashed line with an arrow pointed 
away from the vertex, and label it with the scalar's four-momentum, k\. 




(473) 



-Pi- 




94 



7) The only allowed vertex joins two solid lines, one with an arrow point- 
ing towards it and one with an arrow pointing away from it, and one dashed 
line (whose arrow can point in either direction). Using this vertex, join up 
all the external lines, including extra internal lines as needed. In this way, 
draw all possible diagrams that are topologically inequivalent. 

8) Assign each internal line its own four-momentum. Think of the four- 
momenta as flowing along the arrows, and conserve four-momentum at each 
vertex. For a tree diagram, this fixes the momenta on all the internal lines. 

9) The value of a diagram consists of the following factors: 
for each incoming or outgoing scalar, 1; 

for each incoming electron, u Si (pi)', 
for each outgoing electron, u s '.(p'i)', 
for each incoming positron, U Sj (pi); 
for each outgoing positron, u s /(pQ; 
for each vertex, ig; 

for each internal scalar line, —if (k 2 + M 2 — ie), 

where k is the four-momentum of that line; 

for each internal fermion line, + m)/{p 2 + m 2 — ie), 

where p is the four-momentum of that line. 

10) Spinor indices are contracted by starting at one end of a fermion line: 
specifically, the end that has the arrow pointing away from the vertex. The 
factor associated with the external line is either u or v. Go along the complete 
fermion line, following the arrows backwards, and write down (in order from 
left to right) the factors associated with the vertices and propagators that 
you encounter. The last factor is either a u or v. Repeat this procedure for 
the other fermion lines, if any. 

11) Two diagrams that are identical except for the momentum and spin 
labels on two external fermion lines that have their arrows pointing in the 
same direction (either both towards or both away from the vertex) have a 
relative minus sign. 

12) The value of %T (at tree level) is given by a sum over the values of 
the contributing diagrams. 

There are additional rules for counterterms and loops, but we will post- 
pone those to section 51. 
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Figure 6: Diagrams for e + e — > corresponding to eq. (|474j) . 



Let us apply these rules to e + e~ — > Let the initial electron and 

positron have four- moment a pi and p 2 , respectively, and the two final scalars 
have four-momenta k[ and k' 2 . The relevant diagrams are shown in fig. (JHJ), 
and the result is 



*<P<P 



P2 



+$[+771 ~i> x + ft 2 + m 



-t + m 2 



—u + m 2 



u 



si 



J>1, 



(474) 



■(Pi 



A; 2 ) 2 . 



where £ = — (pi — &1) 2 and it 

Next, consider e~e~ — > e~e~. Let the initial electrons have four-momenta 
Pi and and the final electrons have four-momenta p[ and p' 2 . The relevant 
diagrams are shown in fig. (JJJ). It is clear that they are identical except for 
the labels on the two external fermion lines that have arrows pointing away 
from their vertices. Thus, according to rule #11, these diagrams have a 
relative minus sign. (Which diagram gets the extra minus sign is a matter 
of convention, and is physically irrelevant.) Thus the result is 



{u[ui)(u 2 u 2 ) {v^ux) (u[u 2 ) 



-t + M 2 



-u + M 2 



(475) 



where U\ is short for u si (pi), etc., and t = — (pi — Pi) 2 , u = — (pi — p^) 2 - 

One more: e + e~ — > e + e~ . Let the initial electron and positron have four- 
momenta pi and P2, respectively, and the final electron and positron have 
four- momenta p[ and p' 2 , respectively. The relevant diagrams are shown in 
fig. (jHJ. If we redraw them in the topologically equivalent manner shown in 
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Figure 7: Diagrams for e e — > e e , corresponding to eq. (|475|) . 

fig- ©> then it becomes clear that they are identical except for the labels 
on the two external fermion lines that have arrows pointing away from their 
vertices. Thus, according to rule #11, these diagrams have a relative minus 
sign. (Which diagram gets the extra minus sign is a matter of convention, 
and is physically irrelevant.) Thus the result is 



i%+ e - 



{U[U 1 )(V 2 V2) 

-t + M 2 



{v2Ul)(u[v' 2 

-u + M 2 



(476) 



where s = — (pi + P2) 2 and t — — {p\ — p[) 2 - 



Problems 



45.1a) Determine how <p(x) must transform under parity, time reversal, 
and charge conjugation in order for these to all be symmetries of the theory. 
(Prerequisite: 39) 

b) Same question, but with the interaction given by Li = igif^^y^ in- 
stead of eq. ()451j) . 

45.2) Use the Feynman rules to write down (at tree level) iT for the 
processes e + e + — ► e + e + and iptp — > e + e~ . 
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Figure 8: Diagrams for e + e — > e + e , corresponding to eq. 1)4760 . 




Pi . .Pi Pi . . Pi 

7 1 7 7 1 / 

i i 

YPi-Pi — VPi+Pi 

,> > ,> > , 

-Pi Pi Pi Pi 



Figure 9: Same as fig. (jHJ), but with the diagrams redrawn to show more 
clearly that, according to rule #11, they have a relative minus sign. 
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46: Spin Sums 
Prerequisite: 45 



In the last section, we calculated various tree-level scattering amplitudes 
in Yukawa theory. For example, for e~(p — > e~(p we found 



T = g tv(p') 



— $ — ft + m —p 1 + ft' + m 



-s + m? 



—u + m? 



« S (PJ 



(477) 



where s = — (p + k) 2 and u = — (p — k') 2 . In order to compute the correspond- 
ing cross section, we must evaluate \T\ 2 = TT* . We begin by simplifying 
eq. ()477|) a little; we use (p'+m)u s (p) = to replace the — p 1 in each numerator 
with m. We then abbreviate eq. (|477j) as 



T = u'Au 



where 



Then we have 



A = g 2 



-ft + 2m ft' + 2m 



rrr — s 



— u 



T* = T = u'Au = uAu 



(478) 
(479) 
(480) 

where in general A = 0A'/3, and, for the particular A of eq. ()479j) . A = A. 
Thus we have 

\T\ 2 = {u'Au){uAu') 

= H u'aAapUpU^Arysu's 
af3j6 

= UsU'aAupUpU^A^ 

a/3-yS 

= Tr[(u'u')A{uu)A] . (481) 
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Next, we use a result from section 38: 



u 



.(pH(p) = |( 1 - S 75^)(-V + TO ) > 



(482) 



where s = ± tells us whether the spin is up or down along the spin quanti- 
zation axis z. We then have 



in 



±Tr 



(W75/X-/ + m)A(l- S1 4)(-$ + m)A 



(483) 



We now simply need to take traces of products of gamma matrices; we will 
work out the technology for this in the next section. 

However, in practice, we are often not interested in (or are unable to easily 
measure or prepare) the spin states of the scattering particles. Thus, if we 
know that an electron with momentum p' landed in our detector, but know 
nothing about its spin, we should sum \T\ 2 over the two possible spin states 
of this outgoing electron. Similarly, if the spin state of the initial electron is 
not specially prepared for each scattering event, then we should average \T\ 2 
over the two possible spin states of this initial electron. Then we can use 



J2 u s (p)u s (p) 



+ m 



(484) 



s=± 



in place of eq. 

Let us, then, take |T| 2 , sum over all final spins, and average over all initial 
spins, and call the result {\T\ 2 ). In the present case, we have 



<|T| 2 >^£|T| 2 

s,s' 

= |Tr[(-/ + m)A(-$ + m)A 



which is much less cumbersome than eq. 

Next let's try something a little harder, namely e + e" 
in section 45 that 



(485) 



We found 



We then have 



r 



T 



9' 



(u' 1 u l )(v 2 v' 2 ) _ (v 2 ui)(u[v' 2 ) 
M 2 — s 



M 2 -t 

(Ml 0(172^2) 

M 2 — t 



M 2 - s 



(486) 



(487) 
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When we multiply T by T, we will get four terms. We want to arrange the 
factors in each of them so that every u and every v stands just to the left of 
the corresponding u and v. In this way, we get 



\T\ 



+ 



+ 



9' 



(M 2 -t) 2 
i 



g 



(M 2 -s) 



9' 



Tr 



Tr 



U\U\V 2 V 2 



Tr 



Tr 



v' 2 v' 2 V 2 V2 



i —i l — / 

v 2 v 2 u 1 u 1 



(M 2 -t)(M 2 -s) 

-A 



9 



(M 2 -s)(M 2 -t) 



Tr 



Tr 



U\U\V2V 2V 2 V 2 U 1 u[ 



uiUiu' l u[v' 2 v' 2 v 2 v 2 



(488) 



Then we average over initial spins and sum over final spins, and use eq. ()484j) 
and 

v s {p)v s {p) =-i>-m. (489) 



=± 



We then must evaluate traces of products of up to four gamma matrices. 
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47: Gamma Matrix Technology 
Prerequisite: 36 



In this section, we will learn some tricks for handling gamma matrices. 
We need the following information as a starting point: 

{7", 7"} = -2<T , (490) 

ll = 1 , (491) 

{7^,75} = 0, (492) 

Tr 1 = 4 . (493) 

Now consider the trace of the product of n gamma matrices. We have 

TrW* . . . r n ] = TrbV 1 ?! • • • 7 5 Vl 

= Tr[( 75 7^7 5 ) . . . (757^75)] 
= Tr[(-7 5 V 1 )---(-7 5 V")] 
= (-l) n Tr[ 7 w ...Y"} ■ (494) 

We used eq. (149 1|) to get the first equality, the cyclic property of the trace 
for the second, eq. (|492j) for the third, and eq. (|491j) again for the fourth. If 
n is odd, eq. ()494j) tells us that this trace is equal to minus itself, and must 
therefore be zero: 

Tr[odd # of 7^'s] = . (495) 

Similarly, 

Tr[ 75 (odd # of 7^'s)] = . (496) 
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Next, consider Tr[7 M 7 1/ ]. We have 



Tr^'V] = Tr[ 7 V] 

= iTr[ 7 ^ 7 1/ + 7 V] 
= -g^ Tr 1 



-4<T . 



(497) 



The first equality follows from the cyclic property of the trace, the second 
averages the left- and right-hand sides of the first, the third uses eq. (I490J) . 
and the fourth uses eq. (|493j) . 

A slightly nicer way of expressing eq. ()497|) is to introduce two arbitrary 
four- vectors a M and 6^, and write 



where d = a^^ 1 , b 1 = 6 M 7^, and (ab) = a M 6 M . 

Next consider Ty[0^$\. We evaluate this by moving d to the right, using 
eq. ()490|) . which is now more usefully written as 



Using this repeatedly, we have 

Tr\Mtf\ = -Tr[^d] - 2(ab)Tr[04] 

= +Ti[^dd] + 2(ac)Tr[$f] - 2(a6)Tr[^] 

= -Tr[^] - 2(ad)Tr[^] + 2(ac)Tr[^] - 2(a6)Tr[^] . (500) 

Now we note that the first term on the right-hand side of the last line is, by 
the cyclic property of the trace, actually equal to minus the left-hand side. 
We can then move this term to the left-hand side to get 

2 Tr[dW4] = - 2(ad)Tr$$ + 2(ac)Tr[^] - 2(a6)Tr[^] . (501) 

Finally, we evaluate each Tr[^ with eq. ()498|) . and divide by two: 



4(o6) , 



(498) 



% - 2(ab) . 



(499) 



Ti[d^d] = 4 (ad) (be) - (ac)(bd) + (ab)(cd) 



(502) 
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This is our final result for this trace. 

Clearly, we can use the same technique to evaluate the trace of the product 
of any even number of gamma matrices. 

Next, let's consider traces that involve 75's and 7^'s. Since {75, 7^} = 0, 
we can always bring all the 75's together by moving them through the 7 M 's 
(generating minus signs as we go). Then, since 75 = 1, we end up with either 
one 75 or none. So we need only consider Tr[757 Ml . . .7^™]. And, according 
to eq. (|49fij) . we need only be concerned with even n. 

Recall that an explicit formula for 75 is 

75 = ^7 7 1 7 2 7 3 • (503) 

Eq. (|502J) then implies 



Tr 75 = 0. (504) 
Similarly, the six-matrix generalization of eq. ()502|) yields 

Trb^V] = • (505) 

Finally, consider Tr[757 /i 7 1/ 7 p 7 <7 ]. The only way to get a nonzero result is to 
have the four vector indices take on four different values. If we consider the 
special case Tr[7 5 7 3 7 2 7 1 7°], plug in eq. (|503|) . and then use (Y) 2 — ~ 1 an d 
(7 ) 2 = 1, we get i(— l) 3 Tr 1 = — 4z, or equivalently 

Tr[ l5 YYYl a ] = -4ie^ pa , (506) 

where e 0123 = e 3210 = +1. 

Another category of gamma matrix combinations that we will eventually 
encounter is 7^ . . . 7^. The simplest of these is 

7^ = 9^1" 

= ^{7*, 7"} 

= -g^ v 

= -d . (507) 

To get the second equality, we used the fact that g^ v is symmetric, and 
so only the symmetric part of 7^7^ contributes. In the last line, d is the 
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number of spacetime dimensions. Of course, our entire spinor formalism has 
been built around d — 4, but we will need formal results for d = 4—e when 
we dimensionally regulate loop diagrams involving fermions. 
We move on to evaluate 

YV7a« = 7 M (-7^ - 2 «m) 
= -7 M 7^ " H 

= (d-2)j, . (508) 

We continue with 

= + 2 # + 2 # + 4 ( ab ) 

= 4(a6) - (d-4)# . (509) 

And finally, 

= 4Yh^ + 2 M + H$ + 4 (ac)^ 
= (d-2)ffl + 2fyf + 2\M + 2(ac)}V 
= (d-2)0{ + 2ffl-2f0 
= (d-2)0f + 2[-0 - 2(ab)]f - 2<tf$ 

= (d-4)00 - 4 ( a& ¥ - 

= (d-4)## + 2^ [-2(a&) - #] 

= 2^ + (d-4)0t . (510) 
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48: Spin- Averaged Cross Sections in Yukawa Theory- 
Prerequisite: 46, 47 



In section 46, we computed |T| 2 for (among other processes) e + e~ — > 
e + e~ . We take the incoming and outgoing electrons to have momenta p\ and 
p[, respectively, and the incoming and outgoing positrons to have momenta 



P2 and p' 2 , respectively. We have pf 



P 



— m 2 , where m is the electron 



(and positron) mass. The Mandelstam variables are 

s = -(P1+P2) 2 = -(P1+P2) 2 , 
t = -{pi-p' 1 ) 2 = -{p2-p' 2 )\ 

« = -(Pi - P' 2 Y = ~(P2 - P'lf , 

and they obey s + t + u = 4m 2 . Our result was 



\T\ 



9 



ts 



+ 



_(M 2 -s) 2 (M 2 -s)(M 2 -t) (M 2 -t) 2 
where M is the scalar mass, and 

1 Tr 



®ss = Tr 



= Tr 
$ st = Tr 
= Tr 



u 1 u 1 v 2 v 2 



v' 2 v' 2 %i x u[ 



Tr 



^2^2 



U\U\\^ x u' 1 v' 2 V 2 V'2 J V2 



U\U\V 2 V 2v' 2 V 2 U l u[ 



(511) 



(512) 



(513) 



Next, we average over the two initial spins and sum over the two final 
spins to get 

(514) 
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Then we use 



J2 u s (p)u s (p) 

s=± 



m 



to get 







J2 V s(p)Vs(p) = 

s=± 


-P 


— m , 




(515) 


(*»> = 


iTr 


(-^ 1 +m)(-#f 2 -m) 


Tr 




fm) 


, (516) 


= 


±Tr 


{-^ l +m)(-f l +m) 


Tr 




-m) 


, (517) 


($st) = 


iTr 


{-$ l +m)(-f l +m)(-f 2 -m) (-j/ 2 -m) 




(518) 


($ts) = 


±Tr 


(-^ 1 +m)(-^ 2 -m) (-^-m)(-f 1 +m) 




(519) 



It is now merely tedious to evaluate these traces with the technology of 
section 47. 

For example, 



Tr 



{—tfi+'m)(—rf 2 — m) = Tr^^] - m 2 Tr 1 
= -4(pip 2 ) - 4m 2 , 



(520) 



It is convenient to write four-vector products in terms of the Mandelstam 
variables. We have 



P1P2 = V1P2 



-\(s-2m 2 ) 



P1P1 = P2V2 = +U t ~ 2 ™ 2 ) : 
P1P2 = P1P2 = +h(u - 2m 2 ) 



and so 



Tr 



-$ 1 +m)(-$ 2 -m 
Thus, we can easily work out eqs. ()516|) and ()517|) : 

($ ss ) = (s-4m 2 ) 2 , 
($«) = (t-4m 2 ) 2 . 
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2s - 8m 2 



(521) 
(522) 

(523) 
(524) 



Obviously, if we start with ($ ss ) an d make the swap s <-> t, we get 
We could have anticipated this from eqs. ()516|) and (j517|) : if we start with 
the right-hand side of eq. (j516|) and make the swap p 2 *-> —p'i, we get the 
right-hand side of eq. (J517j) . But from eq. (|521|) . we see that this momentum 
swap is equivalent to s <-> t. 

Let's move on to ($ s t) and (&ts)- These two are also related by p 2 *-> ~Pi, 
and so we only need to compute one of them. We have 



($st) = jT^WM^] + 1™ 2 Tt IAA - AA - AA - M 



' 1 + Jl 



"1F2 



2U>2\ 



+ \m Tr 1 

(PiP'i)(P2P' 2 ) ~ (PiP2)(P2Pi) + (PiP2)(p1p' 2 ) 

- m 2 \pip' x - pip' 2 - pip 2 - p'ip' 2 + p[P2 + P2P2] + ™ 4 

—hst + 2m 2 u . 



(525) 



To get the last line, we used eq. (|521j) . and then simplified it as much as 
possible via s + t + u = 4m 2 . Since our result is symmetric on s <-> t, we have 

(St.) = (^>- 

Putting all of this together, we get 



\r\ 2 ) = 9 4 



2\2 



Am 2 ) 



+ 



st — 4m 2 « 



(t - 4m 2 ) 2 

(M 2 -s) 2 ' (M 2 -s)(M 2 -t) + (M 2 -tf 



(526) 



This can then be converted to a differential cross section (in any frame) via 
the formulae of section 11. 

Let's do one more: e~(f — >• e~ip. We take the incoming and outgoing 
electrons to have momenta p and p', respectively, and the incoming and 
outgoing scalars to have momenta k and k', respectively. We then have 
-m 2 and k 2 = k' 2 = —M 2 . The Mandelstam variables are 



p 2 = p' 2 



s = -( p + k) 2 = -(p' + k') 2 
t = -{p-p'f = -{k-k'f 

J\2 



U 



(jp — k) = — (k — p) 



l\2 



and they obey s + t + u = 2m 2 + 2M 2 . Our result in section 46 was 



\?\ 2 ) 



iTr 

2 



A{—$ + m)A(-f + m) 



(527) 



(528) 
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where 

Thus we have 

(\T\ 2 )=g* 
where now 



A = g 2 
(*») 



-ft + 2m + 2m 



mr — s 



— u 



($ su ) + ($ us ) 



+ 



{m? — s) 2 (m 2 — s){m 2 — u) (m 2 — u) 



±Tr 

2 ±L 



iTr 

2 



-/+m)(-|^+2m)(-y+m) (-#+2ra) 
-f+m) (+ft'+2m)(-p / +m) (+k"+2m) 
($ au ) = ±Tr[(-/+m)(-#+2m)(-^+m)(+#'+2m) 
($ us ) = |Tr[(-y / +m)(+^ / +2m)(-V+m)(-^+2m) 



(529) 

(530) 

(531) 
(532) 
(533) 
(534) 



We can evaluate these in terms of the Mandelstam variables by using our 
trace technology, along with 

„2 yi#2\ 



pk - 


= p'k' 


= 4(* 




pp 


= +K* 




kk' 


= +i(* 


pk' 


= p'k 


= 



m 



M 



(535) 



Examining eqs. (|531|) and ()532|) . we see that and ($ un ) are transformed 
into each other by «-> —A;'. Examining eqs. (|533|) and (|534jl . we see that 
($ su ) and ($ us ) are also transformed into each other by k <-> —A;'. From 
eq. (|535|) . we see that this is equivalent to s <-> w. Thus we need only compute 
($ss) and ($ su ), and then take s <->• u to get and This is, again, 

merely tedious, and the results are 

($ M ) = -su + m 2 (9s + u) + 7m 4 - 8m 2 M 2 + M 4 , 

($ uu ) = su + m 2 (9u + s) + 7m 4 - 8m 2 M 2 + M 4 , 



($ flU ) = + su + 3 m 2 ( s + u ) + 9 m 4 _ 8m 2 M 2 - M 4 
($ us ) = +su + 3m 2 (s + u) + 9m 4 - 8m 2 M 2 - M 4 



(536) 
(537) 
(538) 
(539) 
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Problems 



48.1) The tedium of these calculations is greatly alleviated by making use 
of a symbolic manipulation program like Mathematica or Maple. One ap- 
proach is brute force: compute 4x4 matrices like in the CM frame, and take 
their products and traces. If you are familiar with a symbolic-manipulation 
program, write one that does this. See if you can verify eqs. (|536H53lJ|) . 

48.2) Compute (\T\ 2 ) for e~e~ — > e~e~ . You should find that your result 
is the same as that for e + e~ — > e + e~ , but with s «-> u, and an extra overall 
minus sign. This relationship is known as crossing symmetry. 

48.3) Compute (|T| 2 ) for e + e~ — > ipip. You should find that your result 
is the same as that for e~<p — > e~<p, but with s t, and an extra overall 
minus sign. This is another example of crossing symmetry. 

48.4) Suppose that M > 2m, so that the scalar can decay to an electron- 
positron pair. 

a) Compute the decay rate, summed over final spins. 

b) Compute |T| 2 for decay into an electron with spin s± and a positron 
with spin S2- Take the fermion three-momenta to be along the z axis, and 
let the x-axis be the spin-quantization axis. You should find that |T| 2 = 
if si = — S2, or if M = 2m (so that the outgoing three- momentum of each 
fermion is zero). Discuss this in light of conservation of angular momentum 
and of parity. (Prerequisite: 40.) 

c) Compute the rate for decay into an electron with helicity s\ and a 
positron with helicity S2- (See section 38 for the definition of helicity.) You 
should find that the decay rate is zero if Si = —s 2 . Discuss this in light of 
conservation of angular momentum and of parity. 

d) Now consider changing the interaction to Li = igipty^^, and compute 
the spin-summed decay rate. Explain (in light of conservation of angular 
momentum and of parity) why the decay rate is larger than it was without 
the in the interaction. 

e) Repeat parts (b) and (c) for the new form of the interaction, and 
explain any differences in the results. 
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49: The Feynman Rules for Major ana Fields 
Prerequisite: 45 



In this section we will deduce the Feynman rules for Yukawa theory, but 
with a Majorana field instead of a Dirac field. We can think of the particles 
associated with the Majorana field as massive neutrinos. 

We have 

Li = \g<p^V 

= \g^ T C% , (540) 

where * be a Majorana field (with mass to) and if is a real scalar field (with 
mass M), and g is a coupling constant. In this section, we will be concerned 
with tree-level processes only, and so we omit renormalizing Z factors. 

From section 41, we have the LSZ rules appropriate for a Majorana field, 

&!(p)in -> -i J d 4 x e +ipx v s (p)(-i@ + m)tf (ac) (541) 
= +iJ d 4 x ^ T (x)C(+i} + m)u s (p)e +ipx , (542) 
&.'(p')a«t -> +i J d\ e~ ip ' x u s ,(p')(-ifi + m)tt(x) , (543) 

= -i / rf 4 x e- ip ' x * T (a;)C(+z^ + m)v s/ (p')e- ip ' x . (544) 

Eq. ()542j) follows from eq. (|541j) by taking the transpose of the right-hand 
side, and using v s '(p') T = —Cu s i(p') and + m) T = C(+i<jD + m)C~ l ; 
similarly, eq. (J544j) follows from eq. (J543|) . Which form we use depends on 
convenience, and is best chosen on a diagram-by-diagram basis, as we will 
see shortly. 



Ill 



Eqs. ()541H544"|) lead us to compute correlation functions containing \I/'s, 
but not \I/'s. In position space, this leads to Feynman rules where the fermion 
propagator is jS(x — y)C _1 , and the (p^ty vertex is igC; the factor of | in 
Li is killed by a symmetry factor of 2! that arises from having two identical 
fields in Li. In a particular diagram, as we move along a fermion line, the 
C' 1 in the propagator will cancel against the C in the vertex, leaving over a 
final at one end. This C~ l can be canceled by a C from eq. ()542j) (for an 
incoming particle) or (|544jl (for an outgoing particle). On the other hand, for 
the other end of the same line, we should use either eq. (j541|) (for an incoming 
particle) or eq. (|543jl (for an outgoing particle) to avoid introducing an extra 
C at that end. In this way, we can avoid ever having explicit factors of C in 
our Feynman rules. 

Using this approach, the Feynman rules for this theory are as follows. 

1) The total number of incoming and outgoing neutrinos is always even; 
call this number 2n. Draw n solid lines. Connect them with internal dashed 
lines, using a vertex that joins one dashed and two solid lines. Also, attach 
an external dashed line for each incoming or outgoing scalar. In this way, 
draw all possible diagrams that are topologically inequivalent. 

2) Draw arrows on each segment of each solid line; keep the arrow direc- 
tion continuous along each line. 

3) Label each external dashed line with the momentum of an incoming 
or outgoing scalar. If the particle is incoming, draw an arrow on the dashed 
line that points towards the vertex; If the particle is outgoing, draw an arrow 
on the dashed line that points away from the vertex. 

4) Label each external solid line with the momentum of an incoming or 
outgoing neutrino, but include a minus sign with the momentum if (a) the 
particle is incoming and the arrow points away from the vertex, or (b) the 
particle is outgoing and the arrow points towards the vertex. 

5) Do this labeling of external lines in all possible inequivalent ways. Two 
diagrams are considered equivalent if they can be transformed into each other 
by reversing all the arrows on one or more fermion lines, and correspondingly 
changing the signs of the external momenta on each reversed-arrow line. The 
process of arrow reversal contributes a minus sign for each reversed-arrow 
line. 
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6) Assign each internal line its own four-momentum. Think of the four- 
momenta as flowing along the arrows, and conserve four-momentum at each 
vertex. For a tree diagram, this fixes the momenta on all the internal lines. 

9) The value of a diagram consists of the following factors: 
for each incoming or outgoing scalar, 1; 

for each incoming neutrino labeled with +Pi, u Si (pi); 
for each incoming neutrino labeled with — p i? v Si {Pi)] 
for each outgoing neutrino labeled with +p' iy Tt s <(p£); 
for each outgoing neutrino labeled with — p' { , ?V.(Pi)j 
for each vertex, ig; 

for each internal scalar line, —ij (k 2 + M 2 — ie), 

where k is the four-momentum of that line; 

for each internal fermion line, —ii^—f 1 + m)/(p 2 + m 2 — ie), 

where p is the four-momentum of that line. 

10) Spinor indices are contracted by starting at one end of a fermion line: 
specifically, the end that has the arrow pointing away from the vertex. The 
factor associated with the external line is either u or v. Go along the complete 
fermion line, following the arrows backwards, and writing down (in order from 
left to right) the factors associated with the vertices and propagators that 
you encounter. The last factor is either a u or v. Repeat this procedure for 
the other fermion lines, if any. 

11) Two diagrams that are identical except for the momentum and spin 
labels on two external fermion lines that have their arrows pointing in the 
same direction (either both towards or both away from the vertex) have a 
relative minus sign. 

12) The value of %T is given by a sum over the values of all these diagrams. 
There are additional rules for counterterms and loops, but we will post- 
pone those to section 51. 

Let's look at the simplest process, if — > vv. There are two possible 
diagrams for this, shown in fig. However, according to rule #5, these 

two diagrams are equivalent. The first one evaluates to 

iT = igv' 2 v! x , (545) 
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->*-- 



p'l 



Figure 10: Two equivalent diagrams for ip 
and (|546j) . respectively. 



uv, corresponding to eqs. 



while the second gives 



iT = -igv[u' 2 . (546) 

The minus sign comes from the last part of rule #5: reversing the arrows on 
one fermion line gives an extra minus sign. These two versions of T should 
of course yield the same result; to check this, note that 



V\U 2 



[VlU 2 \ 

T — T 

u 2 v l 

v 2 C~ C~ U\ 
-v 2 u x , 



(547) 



as required. 

In general, for processes with a total of just two incoming and outgoing 
neutrinos, such as vip — > vip or vv —* ipip, these rules give (up to an irrelevant 
overall sign) the same result for iT as we would get for the corresponding 
process in the Dirac case, e~ip — > e~ip or e + e~ — > ipip. (Note, however, that 
in the Dirac case, we have L x = gp^S/ty, as compared with Li = ^giptyfy in 
the Majorana case.) 

The differences between Dirac and Majorana fermions become more pro- 
nounced for vv — > vv. Now there are three inequivalent contributing dia- 
grams, shown in fig. (jllj) . The corresponding amplitude can be written as 

(u[u x )(u' 2 u 2 ) i(a 2 u x )<Ku[u 2 ) (v 2 u x )(^L[v' 2 ) 



-t + M 2 



-u + M 2 



+ 



-s + M 2 



(548) 
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P\ . .Pi P\ . . P2 
7 1 7 7 1 7 

VPi-p{ - YP1-P2 

> : > , > : > , 

p 2 p 2 p 2 



I 

YP1+P2 
-Pi Pi 



Figure 11: Diagrams for vv — > i/i/, corresponding to eq. 
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where s = — (pi + P2) 2 , t = — (pi — p[) 2 and w = — (pi — p' 2 ) 2 - Note the 
relative signs. After taking the absolute square of this expression, we can use 
relations like eq. ()547|) on a term-by-term basis to put everything into a form 
that allows the spin sums to be performed in the standard way. 

In fact, we have already done all the necessary work in the Dirac case. 
The s-s, s-t, and t-t terms in (\T\ 2 ) for vv — > vv are the same as those for 
e + e~ — > e + e~, while the t-t, t-u, and u-it terms are the same as those for 
the crossing-related process e~e~ — > e~e~. Finally, the s-u terms can be 
obtained from the s-t terms via t <-> u, or equivalently from the t-u terms 
via t «-> s. Thus the result is 



+ 



(s - 4m 2 ) 2 


+ 


at 


— 4m 2 u 


(M 2 - s) 2 


(M 2 — 


s){M 2 -t) 


(t - 4m 2 ) 2 


+ 


tu 


— 4m 2 s 


(M 2 - t) 2 


(M 2 - 


t)(M 2 -u) 


(u — Am 2 ) 2 


+ 


us 


- Am 2 t 


(M 2 - u) 2 


(M 2 - 


u)(M 2 - s) 



(549) 



which is neatly symmetric on permutations of s, t, and u. 
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50: Massless Particles and Spinor Helicity 
Prerequisite: 48 



Scattering amplitudes often simplify greatly if the particles are massless 
(or can be approximated as massless because the Mandelstam variables all 
have magnitudes much larger than the particle masses squared). In this 
section we will explore this phenomenon for spin-one-half (and spin-zero) 
particles. We will begin developing the technology of spinor helicity, which 
will prove to be of indispensible utility in Part III. 

Recall from section 38 that the u spinors for a massless spin-one-half 
particle obey 

« a (pK(p) = 5( 1 + s 75)(-lO, (550) 

where s — ± specifies the helicity, the component of the particle's spin 
measured along the axis specified by its three-momentum; in this notation 
the helicity is |s. The v spinors obey a similar relation, 

u s (p)u 8 (p) = !(l-s7 5 )(-30- (551) 

In fact, in the massless case, with the phase conventions of section 38, we 
have v s (p) = u_ s (p). Thus we can confine our discussion to -u-type spinors 
only, since we need merely change the sign of s to accomodate f-type spinors. 
Let us consider a u spinor for a particle of negative helicity. We have 

U _(p)«_(p) = i( 1 -7 5 )(-30- (552) 

Let us define 

Pad = P^aa ■ (553) 

Then we also have 

p da = £ o-c £ ac pc , = v ^da _ (554) 
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Then, using 



'=U o • ^>= o (555) 



in eq. (|552|) . we find 

u_(p)u_(p) = f q . (556) 

On the other hand, we know that the lower two components of it_ (p) vanish, 
and so we can write 

ti_(p)=(* B V (557) 

Here <j) a is a two-component numerical spinor; it is not an anticommuting 
object. Such a commuting spinor is sometimes called a twistor. An explicit 
numerical formula for it (verified in problem 50.1) is 



-sin(^)e~^\ 
2i °[ L ' ( 558 ) 



where 9 and <fi are the polar and azimuthal angles that specify the direction 
of the three-momentum p, and u = |p|. Barring eq. (|557|) yields 

TZ_(p) = (0, ft), (559) 

where 0* = (4> a )*- Now, combining eqs. (|557|) and (|559|) . we get 

u_(p)Mp)=[ q V ^ a y (560) 
Comparing with eq. (|556|) . we see that 

Pad = -<Pa4>l • (561) 

This expresses the four-momentum of the particle neatly in terms of the 
twistor that describes its spin state. The essence of the spinor helicity method 
is to treat (f> a as the fundamental object, and to express the particle's four- 
momentum in terms of it, via eq. (J561j) . 
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Given eq. (|557|) . and the phase conventions of section 38, the positive- 
helicity spinor is 

u + (p)=(^ 4 ), (562) 

where <p* a = e ac (fi*. Barring eq. (|562|) yields 

H + (p) = (0 a , 0). (563) 

Computation of n + (p)u + (p) via eqs. ()562|) and ()563|) . followed by comparison 
with eq. (|55()j) with s = +, then reproduces eq. (|561j) . but with the indices 
raised. 

In fact, the decomposition of p a a into the direct product of a twistor and 
its complex conjugate is unique (up to an overall phase for the twistor). To 
see this, use <t m = (/, a) to write 

Paa=[ l . 2 Q 3 • (564) 

\ p + ip —p — p ) 

The determinant of this matrix is — (p ) 2 + p 2 , and this vanishes because the 
particle is (by assumption) massless. Thus p a a has a zero eigenvalue. There- 
fore, it can be written as a projection onto the eigenvector corresponding to 
the nonzero eigenvalue. That is what eq. (|561|) represents, with the nonzero 
eigenvalue absorbed into the normalization of the eigenvector <fr a . 

Let us now introduce some useful notation. Let p and k be two four- 
momenta, and 4> a and K a the corresponding twistors. We define the twistor 
product 

[pk}=(f) a ^a. (565) 
Because <p a n a = e ac <j) c K a , and the twistors commute, we have 

[kp] = -[pk]. (566) 

From eqs. ()557|) and ()563j) . we can see that 

U+(p)w_(k) = [pk}. (567) 

Similarly, let us define 

{pk) = <Pt^. (568) 
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Comparing with eq. (|565|) we see that 

(pk) = [kp]*, (569) 
which implies that this product is also antisymmetric, 

(kp) = -(pk). (570) 
Also, from eqs. (|559j) and (J5fi2j) . we have 

L(pK(k) = (pi>. (571) 
Note that the other two possible spinor products vanish: 

u + (p)u+ (k) = u_ (p)u_ (k) = . (572) 
The twistor products (p fc) and [p k] satisfy another important relation, 

(pk)[kp] = (<f>lK* & )(K a <f> a ) 

= (0ta,)(*V*) 

= Paak^ 

= -2p% , (573) 

where the last line follows from a^a^ = —2g^ v . 

Let us apply this notation to the tree-level scattering amplitude for e~f —> 
e~(p in Yukawa theory, which we first computed in Section 44, and which 
reads 



T s , s = g 2 u sl {p') S(p+k) + S(p-k') 



(574) 



For a massless fermion, S(p) = —f!/p 2 . If the scalar is also massless, then 
(p + k) 2 = 2p ■ k and (p — k') 2 = —2p ■ k! . Also, we can remove the $f's in the 
propagator numerators in eq. (|574j) . because ^u s (p) = 0. Thus we have 



T s 's = 9 u s >(p' 



2p~^k 2p-k' 



u s (p) 



(575) 
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Now consider the case s' = s = +. From eqs. (|562|) . (J563|) . and 

/ K a K* \ 

-*={ ^ „ / > (576) 



we get 



K* a K a 



U + (p'){-$)u + (p) = 0'%^*' " 



\p'k](kp). (577) 



Similarly, for s' = s = — , we find 



= (p'k}[kp} } (578) 

while for s' ^ s, the amplitude vanishes: 

«_(p')(-flu + (p) = u + (p')(-#)u_(p) = . (579) 
Then, using eq. (|57Hjl on the denominators in eq. (|575jl . we find 

2 f\p'k] , [p'k']\ 



T ++ = -a* ^ + 



T- = -f ^ + T-T± , (580) 



[p fe] [p fe'] / ' 

\ (pfc) (pA;') 
while 

T + _ = T_ + = . (581) 

Thus we have rather simple expressions for the fixed-helicity scattering am- 
plitudes in terms of twistor products. 

We can simplify the derivation of these results by setting up a bra-ket 
notation. Let 



\p) 


= w-(p) 


= u+ 


(p: 


\p) 


= w+(p) 


= V- 


(p: 


\p\ 


= w+(p) 


= v_ 


(p 


(p\ 


= u-(p) 


= v+ 


.(p 



(582) 
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We then have 



(k\ \p) = (kp) , 
[k\ \p] = [kp] , 
(k\ \p]=0, 

[k\ \p) = . (583) 

We also can write 

-jf=\p)[p\ + \p](p\ , (584) 

where p is any massless four-momentum. With this notation, we can easily 
reproduce the results of eqs. (J577H579]) . 



Problems 

50.1a) Use eqs. §SB and to verify eq. flSHHJ). 

b) Show that ^u_(p) = p aa <j) a . Then use eq. ()553j) to show that that 
p" a (J) a = 0. 

c) Let the three-momentum p be in the +z direction. Use eq. ()218)1 in 
section 38 to compute u±(p) explicitly in the massless limit (corresponding 
to the limit rj —* oo, where sinh?7 = |p|/m. Verify that, when 6 = 0, your 
results agree with eqs. ()557j) . (|558jl . and (|5fi2j) . Hint: if a matrix M has 
eigenvalues ±1 only, then exp(aM) = cosh(a) + sinh(a)M. 

50.2) Prove the Schouten identity, 

(pq) (r s) + (pr) (sq) + (ps) (qr) = . (585) 

Hint: note that the left-hand side is completely antisymmetric in the three 
labels q, r, and s, and that each corresponding twistor has only two compo- 
nents. 

50.3) Show that 

(pq) [qr] (r s) [sp] = Tr |(l-7 5 )j%^ , (586) 
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and evaluate the right-hand side. 
50.4a) Prove the useful identities 



(p|V|fc] = [k\Y\p) , (587) 

(p|VW = (k\Y\p] , (588) 

<P|7>] = 2p» , (589) 

(p\Y\k) = , (590) 

[pl^lk] = . (591) 



b) Extend the last two identies of part (a): show that the product of an 
odd number of gamma matrices sandwiched between either (p\ and \k) or \p\ 
and \k] vanishes. Also show that the product of an even number of gamma 
matrices between either (p\ and \k] or [p\ and \k) vanishes. 

c) Prove the Fierz identities, 

-\ip\iM^ = \q](p\ + \p)[q\ , (592) 

-l\p\lM^= \q)\p\ + \p](q\ ■ (593) 

Now take the matrix element of eq. ()593j) between (r| and \s] to get yet 
another form of the Fierz identity, 

\p\-f\q)(r\lM = 2 \P s ](<ir). (594) 
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51: Loop Corrections in Yukawa Theory- 



Prerequisite: 19, 40, 48 



In this section we will compute the one-loop corrections in Yukawa theory 
with a Dirac field. The basic concepts are all the same as for a scalar, and so 
we will mainly be concerned with the extra technicalities arising from spin 
indices and anticommutation. 

First let us note that the general discussion of sections 18 and 29 leads 
us to expect that we will need to add to the lagrangian all possible terms 
whose coefficients have positive or zero mass dimension, and that respect 
the symmetries of the original lagrangian. These include Lorentz symmetry, 
the U(l) phase symmetry of the Dirac field, and the discrete symmetries of 
parity, time reversal, and charge conjugation. 

The mass dimensions of the fields (in four spacetime dimensions) are 
[</?] = 1 and [\&] = |. Thus any power of ip up to p 4 is allowed. But there 
are no additional required terms involving ^: the only candidates contain 
either 75 (e.g., and are forbidden by parity, or C (e.g, ^> T C^) and are 

forbidden by the U(l) symmetry. 

Nevertheless, having to deal with the addition of three new terms (</?, p 3 , 
p 4 ) is annoying enough to prompt us to look for a simpler example. Consider, 
then, a modified form of the Yukawa interaction, 



This interaction will conserve parity if and only if p is a pseudoscalar: 



Then, p and p 3 are odd under parity, and so we will not need to add them 
to L. The one term we will need to add is p 4 . 



Li = igpty<y 5 ty . 



(595) 




(596) 
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Therefore, the theory we will consider is 



L 



Lo + hx 



(597) 



ho 



iZ g g(pV'y 5 V - ±Z x \<p A + L ct , 




(598) 



Li 



(599) 



L, 



'ct 



- \{Z^-\)d^d^ - \{Z M -l)M 2 ^ 2 



(600) 



where A is a new coupling constant. We will use an on-shell renormalization 
scheme. The lagrangian parameter m is then the actual mass of the electron. 
We will define the couplings g and A as the values of appropriate vertex 
functions when the external four-momenta vanish. Finally, the fields are 
normalized according to the requirements of the LSZ formula. In practice, 
this means that the scalar and fermion propagators must have appropriate 
poles with unit residue. 

We will assume that M < 2m, so that the scalar is stable against decay 
into an electron-positron pair. The exact scalar propagator (in momentum 
space) can be then written in Lehmann-Kallen form as 



where the spectral density p^{s) is real and nonnegative. The threshold mass 
M t h is either 2m (corresponding to the contribution of an electron-positron 
pair) or 3M (corresponding to the contribution of three scalars; by parity, 
there is no contribution from two scalars), whichever is less. 

We see that A(/c 2 ) has a pole at k 2 = — M 2 with residue one. This residue 
corresponds to the field normalization that is needed for the validity of the 
LSZ formula. 

We can also write the exact scalar propagator in the form 



where ill(k 2 ) is given by the sum of 1PI diagrams with two external scalar 
lines, and the external propagators removed. The fact that A(k 2 ) has a pole 




(601) 




(602) 
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at k 2 = —M 2 with residue one implies that IT(-M 2 ) = and IT'(-M 2 ) = 0; 
this fixes the coefficients Z v and Zm- 

All of this is mimicked for the Dirac field. When parity is conserved, the 
exact propagator (in momentum space) can be written in Lehmann-Kallen 
form as 

p z + mr — le Jm% h p + s — le 

real and nonnegative. The threshold mass m t h is m + M (corresponding to 
the contribution of a fermion and a scalar), which, by assumption, is less 
than 3m (corresponding to the contribution of three fermions; by Lorentz 
invariance, there is no contribution from two fermions). 
Since p 2 = —tftf, we can rewrite eq. ()603|) as 

+ / dsptt(s) ■= -, (604) 



+ m — te J m * h p + vs — it 



with the understanding that l/(. . .) refers to the matrix inverse. However, 
since p 1 is the only matrix involved, we can think of S(#f) as an analytic 
function of the single variable p 1 . With this idea in mind, we see that S($f) 
has a pole at p 1 = —m with residue one. This residue corresponds to the field 
normalization that is needed for the validity of the LSZ formula. 
We can also write the exact fermion propagator in the form 



' + m-ie-£(jO, (605) 



where is given by the sum of 1PI diagrams with two external fermion 

lines, and the external propagators removed. The fact that S($f) has a pole 
at p 1 = —m with residue one implies that £(— m) = and E'(— m) = 0; this 
fixes the coefficients and Z m . 

We proceed to the diagrams. The Yukawa vertex carries a factor of 
i(iZ g g)"f5 = —Z g gj5. Since Z g = 1 + 0(g 2 ), we can set Z g = 1 in the 
one-loop diagrams. 

Consider first U(k 2 ), which receives the one-loop (and counterterm) cor- 
rections shown in fig. ()12j) . The first diagram has a closed fermion loop. As 
we will see in problem 51.1 (and section 53), anticommutation of the fermion 
fields results in an extra factor of minus one for each closed fermion loop. 
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Figure 12: The one-loop and counterterm corrections to the scalar propagator 
in Yukawa theory. 
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The spin indices on the propagators and vertices are contracted in the usual 
way, following the arrows backwards. Since the loop closes on itself, we end 
up with a trace over the spin indices. Thus we have 

TI* loop (A; 2 ) = (-l)(-s) 2 (l) 2 J ^Tr{S(M) l5 S(?) l5 \ , (606) 

where 

m = C*\ m - < 607 > 

is the free fermion propagator in momentum space. 
We now proceed to evaluate eq. (|606|) . We have 

Tr[(-/ - $ + m) 75 (-/ + m)j 5 ) = Tr[(-/ - + m)(+l + m)) 

= A[(£ + k)£ + m 2 ] 

= AN . (608) 

The first equality follows from 7 2 = 1 and 75^75 = —tf. 

Next we combine the denominators with Feynman's formula. Suppressing 
the ze's, we have 

1 1 f 1 , 1 



(£+k) 2 + m 2 £ 2 + m 2 Jo (q 2 + D) 2 

where q = I + xk and D = x(l—x)k 2 + m 2 . 

We then change the integration variable in eq. 1)606)1 from I to q; the result 

is 

iU moop {k 2 ) = Ag 2 dx -^ T —— , (610) 



(2tt) 4 (q 2 + D) 2 

where now = (q+ (1— x)k)(q — xk) + m 2 . The integral diverges, and so we 
analytically continue it to d = A — e spacetime dimensions. (Here we ignore 
a subtlety with the definition of 75 in d dimensions, and assume that t| = 1 
and 75^75 = — $ continue to hold.) We also make the replacement g — > gjl £ ^ 2 , 
where jx has dimensions of mass, so that g remains dimensionless. 
Expanding out the numerator, we have 

N = q 2 -x{l-x)k 2 + m 2 + (l-2x)kq . (611) 
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The term linear in q integrates to zero. For the rest, we use the general result 
of section 14 to get 

d d q 1 i 



{27r) d (q 2 + D) 2 16tt 2 



d d q 



- - \n(D/fi 2 

e 



- + | - ln(D//x 2 



(612) 



-2D) , (613) 



(2Tr) d (q 2 + D) 2 16tt 2 

where fi 2 = 47re~ 7 /i 2 , and we have dropped terms of order e. Plugging 
eqs. (Jlinj) and §T^) into eq. (joTUJ) yields 

,2 



9 



4tt 2 



-(k 2 + 2m 2 ) + \k 2 + m 2 



dx (?>x(l-x)k 2 + m 2 )ln(D/fi 2 



(614) 



We see that the divergent term has (as expected) a form that permits can- 
cellation by the counterterms. 

We evaluated the second diagram of fig. (fT2*J) in section 30, with the result 

A ri 

£ 



n 



i/j loop 



(k 2 



(4tt)< 



^ + \-\HM 2 /^ 2 ) 



M 



(615) 



The third diagram gives the contribution of the counterterms, 

n ct (A; 2 ) = -(^-1)A; 2 - (Z M -1)M 2 . 
Adding up eqs. (|614H616j) . we see that finiteness of U(k 2 ) requires 



,2 ^ 



An 2 \e 
( A 



— h finite , 



(616) 



(617) 



g 2 m 2 



16tt 2 2tt 2 M 2 



jQ + finite), (618) 



plus higher-order (in g and/or A) corrections. Note that, although there is 
an 0(A) correction to Z M , there is not an 0(A) correction to Z v . 
We can impose U(—M 2 ) = by writing 



U(k 2 



4vr 2 



£ dx (3x(l-x)k 2 + m 2 )ln(D/D ) + K n (k 2 + M 2 



, (619) 
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Figure 13: The one-loop and counterterm corrections to the fermion propa- 
gator in Yukawa theory. 

where Dq = —x(l—x)M 2 + m 2 , and Ku is a constant to be determined. We 
fix kji by imposing U'(—M 2 ) = 0, which yields 

Kn = [ dxx(l-x)[3x(l-x)M 2 -m 2 ]/D . (620) 
Jo 

Note that, in this on-shell renormalization scheme, there is no 0(A) correction 
to Tl(k 2 ). 

Next we turn to the \I/ propagator, which receives the one-loop (and 
counterterm) corrections shown in fig. (|13|). The spin indices are contracted 
in the usual way, following the arrows backwards. We have 

z£iioo P (i/) = (-^) 2 (i)7 + ^)7 5 ]A(0 , (621) 

where S(^) is given by eq. (j607|) . and 

A(f) = (622) 

1 ' l 2 + M 2 -ie K ' 

is the free scalar propagator in momentum space. 

We evaluate eq. ()621|) with the usual bag of tricks. The result is 

iSiiocpdO = ~9 2 J o dxj — 4 ^—^ , (623) 
where q = £ + xp and 

N = </[ + (l-x)p 1 + m , (624) 

£> = x(l-x)p 2 + xm 2 + (l-x)M 2 . (625) 
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The integral diverges, and so we analytically continue it to d = A—e spacetime 
dimensions, make the replacement g — ► gfl £ ^ 2 , and take the limit as e — » 0. 
The term linear in g in eq. ()624|) integrates to zero. Using eq. (|612|) . we get 



Si 



loop I 



16tt 2 



-(J+2rn)-J dx ((l-x)rf + mjhi(D/fi 2 



(626) 



We see that the divergent term has (as expected) a form that permits can- 
cellation by the counterterms, which give 



Adding up eqs. 



S ct(lO = -(Zq,-1)$- (Z m -l)m . 

and (|627|) . we see that finiteness of E(j/) requires 



Zm 



9* 



16tt 2 

,2 







— h finite 
1 

— h finite 



(627) 

(628) 
(629) 



plus higher-order corrections. 

We can impose E(— m) = by writing 

-.2 r -1 

J dx (fi-x)jf + m)\n(D/D ) + K 2 (^ + m) 



16vr 2 



(630) 



where Do is Z) evaluated at p 2 = —m 2 , and is a constant to be determined. 
We fix k-£ by imposing £'(— m) = 0. In differentiating with respect to ^, we 
take the p 2 in D, eq. (|625jh to be — q f 2 \ we find 



(631) 



= — 2 / dx x 2 (l—x)m 2 /D . 
Jo 



Next we turn to the correction to the Yukawa vertex. We define the vertex 
function z'Vy(p' ' iP) as the sum of one-particle irreducible diagrams with one 
incoming fermion with momentum p, one outgoing fermion with momentum 
p', and one incoming scalar with momentum k = p' — p. The original vertex 
—Z g g'y 5 is the first term in this sum, and the diagram of fig. is the second. 
Thus we have 



iV Y (p',p) = -Z g g>y 5 + zVy,i] qp(p',p) + 0(g 5 



(632) 
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Figure 14: The one-loop correction to the scalar-fermion-fermion vertex in 
Yukawa theory. 

where 

iVy.noop^p) = {-9?($f ] [755(/+«75^(^)75]A(£ 2 ) . (633) 

The numerator can be written as 

N= W + f + m)(-j - J + m)-y 5 , (634) 
and the denominators combined in the usual way. We then get 

/[ d 4 q N 
m I (2^ WTW ' (635) 

where the integral over Feynman parameters was defined in section 16, and 
now 

q = £ + xip + x 2 p' , (636) 
N = [4 - zip 1 + (I-X2)/ + m] [~4 - (1-xi)^ + x 2 p" + m]7 5 , (637) 
D = xxil-x^p 2 + x 2 (l-x 2 )p' 2 - 2x 1 x 2 p-p' + (x x +x 2 )m 2 + x 3 M 2 . (638) 

Using 44 = ~<? 2 > we can write iV as 

N = g 2 75 + N + (linear in q) , (639) 
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Figure 15: One of six diagrams with a closed fermion loop and four external 
scalar lines; the other five are obtained by permuting the external momenta 
in all possible inequivalent ways. 



where 

N = [—xirf + (l—x 2 )f + m][—(l—xi)rf + x 2 f + m]7 5 . (640) 

The terms linear in q in eq. (|639j) integrate to zero, and only the first term is 
divergent. Performing the usual manipulations, we find 



g 2 

07T 



2 



l --\-\jdF, ln(D//i 2 )) 75 + \JdF 3 ^ 



(641) 



From eq. (|632j) . we see that finiteness of Vy(p',p) requires 



Z 9 = l + ^(i+ finite), (642) 

plus higher-order corrections. 

To fix the finite part of Z g , we need a condition to impose on Vy(p',p). 
One possibility is to mimic what we did in <£> 3 theory in section 16: require 
Vy(0, 0) to have the tree-level value igj5. As in ip 3 theory, this is not well 
motivated physically, but has the virtue of simplicity, and this is a good 
enough reason for us to adopt it. We leave the details to problem 51.2. 

Next we turn to the corrections to the (p A vertex ^4(^1,^2,^3,^4); the 
tree-level contribution is — iZ\\. There are diagrams with a closed fermion 
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loop, as shown in fig. (|T5|) . plus one- loop diagrams with ip particles only that 
we evaluated in section 30. We have 



*V 4 ,* loop = (-l)(-^) 4 (i) 4 / ^^[5^)75^-^)75 

+ 5 permutations of (k 2 , A; 3 , fc 4 ) . (643) 

Again we can employ the standard methods; there are no unfamiliar aspects. 
This being the case, let us concentrate on obtaining the divergent part; this 
will give us enough information to calculate the one-loop contributions to 
the beta functions for g and A. 

To obtain the divergent part of eq. (|643j) . it is sufficient to set fcj = 0. 
Then the numerator in eq. (j643|) becomes simply Tr (^75) 4 = 4(£ 2 ) 2 , and 
the denominator is (£ 2 + m 2 ) 4 . Then we find, after including the identical 
contributions from the other five permutations of the external momenta, 

V 4 ,*ioo P = + finite ) • ( 644 ) 



From section 30, we have 

3A (\ 



V 



4, ip loop 



+ finite) . (645) 



16vr 2 
Then, using 

V 4 = -Z x \ + V 4i *i oop + V 4i¥ ,i oop + . . . , (646) 
we see that finiteness of V 4 requires 

z » = 1 + (i^-^)G + H- (647) 

plus higher-order corrections. 



Problems 
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51.1) Derive the one-loop correction to the scalar propagator by working 
through eq. (|452j) . and show that it has an extra minus sign (corresponding 
to the closed fermion loop). 

51.2) Prove eq. (|6U3j) . Hints: Given a multiparticle state \p,s,q,n) with 
four momentum p^ and mass M 2 = —p 2 , J z = |s, charge q, and other 
attributes specified by n, show that (0|\I/(x)|p, s, q, n) vanishes unless s = ±1 
and q — +1. Argue that this is enough information to fix (0|^(x)|p, s, q, n) oc 
u s (p), a spinor of mass M. 

51.3) Finish the computation of Vy(p',p), imposing the condition 

V y (0,0)=^ 7 5- (648) 
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52: Beta Functions in Yukawa Theory- 
Prerequisite: 27, 51 



In this section we will compute the beta functions for the Yukawa coupling 
g and the ip 4 coupling A in Yukawa theory, using the methods of section 27. 
The relations between the bare and renormalized couplings are 

g = Z- l ' 2 Z^Z g fi £ ' 2 g , (649) 

A = Z- 2 Z x f\ . (650) 



Let us define 



m(Z~V^%) = £ , (651) 



n=l : 



n=l E 



From our results in section 51, we have 



G 1 (g 1 X) = ^f- + ... } (653) 

1671^ 

where the ellipses stand for higher-order (in g 2 and/or A) corrections. 

Taking the logarithm of eqs. ()649|) and ()650|) . and using eqs. (|651|) and 
(jnS2), we get 

In^o = £ + Ins + !eln/2 , (655) 

n=l 5 

lnA = E Lra( ^ ,A) +lnA + eln/2. (656) 

n=l £ 
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We now use the fact that g and A must be independent of /i. We differenti- 
ate eqs. (j655|) and ()656|) with respect to In /i; the left-hand sides vanish, and 
we multiply the right-hand sides by g and A, respectively. The result is 

o = y (g 9Gn dg + g ^J±_\ 1 + Ja_ + i_ £g (657) 

~^ \ dg d In /i dXd\nfije n d In // 2 

~J \ dg dm/j dX d In // / e n a In /i 

In a renormalizable theory, dg/dlnfj, and dX/dln/j, must be finite in the e — > 
limit. Thus we can write 

-^- = -l e + 0,(0, A), (659) 



dlap, 

dX 
dhifjL 



-eX + i3 x {g,X) . (660) 



Substituting these into eqs. (j657J) and ()658|) . and matching powers of e, we 
find 

^(^A)=^|^ + A^G 1 , (661) 

^,A) = A^ + A^L 1 . (662) 

The coefficients of all higher powers of \je must also vanish, but this gives 
us no more information about the beta functions. 

Using eqs. ()653|) and ()654|) in eqs. ()661|) and (|662|) . we get 

A) = ^ + ... , (663) 



16vr 2 
1 

167T 



ftfo A) = (3A 2 + 8A/ - 48g 4 ) +... . (664) 



The higher-order corrections have extra factors of g and/or A 
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53: Functional Determinants 
Prerequisite: 44, 45 

In the section we will explore the meaning of the functional determinants 
that arise when doing gaussian path integrals, either bosonic or fermionic. We 
will be interested in situations where the path integral over one particular 
field is gaussian, but generates a functional determinant that depends on 
some other field. We will see how to relate this functional determinant to a 
certain infinite set of Feynman diagrams. We will need the technology we 
develop here to compute the path integral for nonabelian gauge theory in 
section 70. 

We begin by considering a theory of a complex scalar field \ with 

£ = -d^x^d^x ~ m 2 x ] X + 9VX ] X , (665) 

where ip is a real scalar background field. That is, <p(x) is treated as a fixed 
function of spacetime. Next we define the path integral 

Z(<p) = jv X ] V X e^ dAxh , (666) 

where we use the e trick of section 6 to impose vacuum boundary conditions, 
and the normalization Z(0) = 1 is fixed by hand. 

Recall from section 44 that if we have n complex variables z,-, then we 
can evaluate gaussian integrals by the general formula 

J d n z d n z exp (-iziMijZj) oc (det M) -1 . (667) 

In the case of the functional integral in eq. ()666)1 . the index i on the integration 
variable is replaced by the continuous spacetime label x, and the "matrix" 
M becomes 

M(x, y) = [-d 2 x + m 2 - g^(x)]5 A (x - y) . (668) 
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In order to apply eq. (|667|) . we have to understand what it means to compute 
the determinant of this expression. 

To this end, let us first note that we can write M = M M, which is 
shorthand for 

M(x,z) = J d 4 yM (x,y)M(y,z) , (669) 

where 

M (x, y) = {-d 2 x + m 2 )5\x - y) , (670) 
M(y, z) = 5\y - z) - gA(y - z)<p{z) . (671) 

Here A{y — z) is the Feynman propagator, which obeys 

(-d 2 y +m 2 )A(y-z) = 5\y-z) . (672) 

After various integrations by parts, it is easy to see that eqs. f!669H67l|) re- 
produce eq. (|668j) . 

Now we can use the general matrix relation 

det AB = det A det B (673) 

to conclude that 

det M = det M det M . (674) 

The advantage of this decomposition is that M is independent of the back- 
ground field if, and so the resulting factor of (det M ) _1 in Z((p) can simply 
be absorbed into the overall normalization. Furthermore, we have M = I—G, 
where 

I(x,y) = 5 4 (x-y) (675) 

is the identity matrix, and 

G(x,y) = gA(x - y)<p(y) . (676) 

Thus, for <f(x) = 0, we have M = I and so det M — 1. Then, using eq. ()667|) 
and the normalization condition Z(0) = 1, we see that for nonzero tp(x) we 
must have simply 

Z(ip) = (detM)' 1 . (677) 
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Next, we need the general matrix relation 



det A = exp Tr In A , (678) 

which is most easily proven by remembering that the determinant and trace 
are both basis independent, and then working in a basis where A is in Jordan 
form (that is, all entries below the main diagonal are zero). Thus we can write 

det M = exp Tr In M 

= exp Tr ln(J — G) 

oo 



= exp Tr 

Combining eqs. (|677|) and (|679|) we get 



y -G r - 



(679) 



OO 1 

Z{(p) = exp ^ -TrG n , (680) 



n=X n 



where 

Tr G n = g n J d A x\ . . . d 4 x n A(x x — x 2 )v9(x 2 ) . . . A( M*i) . (681) 

This is our final result for Z(<p). 

To better understand what it means, we will rederive it in a different 
way. Consider treating the gfX^X term in L as an interaction. This leads 
to a vertex that connects two \ propagators; the associated vertex factor 
is ig<p(x). According to the general analysis of section 9, we have Z(<p) = 
expiT(ip), where iT(cp) is given by a sum of connected diagrams. (We have 
called the exponent T rather than W because it is naturally interpreted as a 
quantum action for (p after \ has been integrated out.) The only diagrams we 
can draw with these Feynman rules are those of fig. (|16)1. with n insertions 
of the vertex, where n > 1. The diagram with n vertices has an n-fold 
cyclic symmetry, leading to a symmetry factor of S = n. The factor of i 
associated with each vertex is canceled by the factor of 1/i associated with 
each propagator. Thus the value of the n-vertex diagram is 

— g n [ d 4 xi . . . d 4 x n A(xi-X2)ip(x 2 ) . . . A(x n —Xi)(p(xx) . (682) 
n J 
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Figure 16: All connected diagrams with <p(x) treated as an external field. 
Each of the n dots represents a factor of igip(x), and each solid line is a x or 
\& propagator. 

Summing up these diagrams, and using eq. ()681|) . we find 

OO 1 

ir(<p) = y -TrG n . (683) 

This neatly reproduces eq. (|68()jl . Thus we see that a functional determinant 
can be represented as an infinite sum of Feynman diagrams. 
Next we consider a theory of a Dirac fermion \1/ with 

£ = i^Jfi-qj - m^j^j + gcp^ , (684) 

where if is again a real scalar background field. We define the path integral 

Z(tp) = J V^Vm e ^ dAxh , (685) 

where we again use the e trick to impose vacuum boundary conditions, and 
the normalization Z(0) = 1 is fixed by hand. 

Recall from section 44 that if we have n complex Grassmann variables 
if>i, then we can evaluate gaussian integrals by the general formula 

J dS\) d!\l) exp (-a •,.!/, ;/.;,) oc det M . (686) 

In the case of the functional integral in eq. ([685)1 . the index % on the integration 
variable is replaced by the continuous spacetime label x plus the spinor index 
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a, and the "matrix" M becomes 

M a/3 (x, y) = [-i$ x + m- gLp(x)] a p5 i (x - y) . (687) 

In order to apply eq. (|686j) . we have to understand what it means to compute 
the determinant of this expression. 

To this end, let us first note that we can write M = M M, which is 
shorthand for 

M aj (x, z) = J dSj M 0a p(x, y)M Pj (y, z) , (688) 

where 

M 0a p(x, y) = {-i$ x + m) aP 5\x - y) , (689) 
Mfr(y, z) = 5^5 A (y - z) - gS Pl {y - z)<p(z) . (690) 
Here S^iy — z) is the Feynman propagator, which obeys 

[—i0 y + m) a pS Pl {y - z) = S ay S A (y - z) . (691) 

After various integrations by parts, it is easy to see that eqs. (I688H69U|) re- 
produce eq. (|687jl . 

Now we can use eq. (|674|) . The advantage of this decomposition is that 
Mo is independent of the background field (p, and so the resulting factor 
of detM in Z((p) can simply be absorbed into the overall normalization. 
Furthermore, we have M = I — G, where 

I al 3(x,y) = 5 af3 5\x-y) (692) 

is the identity matrix, and 

Gc#(x, y) = gS a(S (x - y)<p(y) . (693) 

Thus, for <p(x) = 0, we have M = I and so det M = 1. Then, using eq. (|686j) 
and the normalization condition Z(0) = 1, we see that for nonzero <f(x) we 
must have simply 

Z(<p)=detM. (694) 
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Next, we use eqs. (I679|) and (|694|) to get 



Z(cp) = exp 



OO 1 

n=l U 



(695) 



where now 



TrG n = g n / <i 4 Xi . . . d 4 x n tr S(xi— x 2 )<^(x 2 ) • • . S(x n — Xi)tp(xi) , (696) 



and "tr" denotes a trace over spinor indices. This is our final result for Z(tp). 

To better understand what it means, we will rederive it in a different 
way. Consider treating the gip^>^> term in L as an interaction. This leads 
to a vertex that connects two \I/ propagators; the associated vertex factor 
is ig<f(x). According to the general analysis of section 9, we have Z((p) = 
expiT(ip), where iT((p) is given by a sum of connected diagrams. (We have 
called the exponent T rather than W because it is naturally interpreted as a 
quantum action for ip after \l/ has been integrated out.) The only diagrams we 
can draw with these Feynman rules are those of fig. (jl6j) . with n insertions 
of the vertex, where n > 1. The diagram with n vertices has an n-fold 
cyclic symmetry, leading to a symmetry factor of S = n. The factor of i 
associated with each vertex is canceled by the factor of 1/i associated with 
each propagator. The closed fermion loop implies a trace over the spinor 
indices. Thus the value of the n-vertex diagram is 



Summing up these diagrams, we find that we are missing the overall minus 
sign in eq. (|695|) . The appropriate conclusion is that we must associate an 
extra minus sign with each closed fermion loop. 




(697) 
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